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- My background consists largely of pure (also known as "useless")
:§ mathematics; only here at AFIT have I been introduced to theory subju-
é: gated to purpose. Dr. Albert H. Moore showed me probability as elegant
N measure theory. Lt. Col. James N. Bexfield showed me stochastic pro-
} cess theory with its applications of algebra, characteristic functions,
i} and Laplace Transforms. I am not yet a statistician, for I prefer the
8 tools to the end product.

0 This thesis is more numerical analysis and software design than |
3§ statistics, but that reflects the nature of operations research. The
} work that is described here is but a fraction of the work of a thesis.
fs A thousand validation steps and a hundred crucial decisions can only be
E hinted at without making the finished product look like a diary. I

'f ‘I]i learned more from the things I did wrong than from those I did right.
§} i My thanks to my advisor, Dr. Moore, and my reader, Dr. Joseph P. Cain,
Ez for their support.
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Abstract

v )
This investigation compared six estimation methods for the parameters

; "."".“".‘**'; B AR
‘l' “.""ll‘l.-';: ".-.

of the four parameter Beta distribution. The methods used are the full

four-moments estimator,.four modified moment estimators, and a modified
maximum 1ikelihood estimator.

A closed form solution is derived for the full moment estimator which
the author has been unable to find in the literature. The four modified
moment estimators are each defined by two moment equations and two equa-
tions involving the first and last order statistics. The modified
;; maximum likelihood estimate is defined using the skewness and kurtosis
; ‘Eib indices to define the shape parameters and then solving for the maximum

likelihood estimate of the location parameters, when it exists. & .
Emphasis is placed on computer application to small samples, n=10
and n=20. Six parent populations are used for sampling purposes, using
the six populations (up to symmetry) defined by shape parameter values
0.5, 1, and 2. For sampling purposes, the standard location parameters
0 and 1 are used, but the comparisons should be valid for other location
parameters. For each of the twelve sample-size/population combinations,

two series of 500 samples each are drawn, for a total of 12,000 samples.

Y

A1l six estimators are applied to each sample. Comparison is done using
the logarithm of the Cramer Von Mieses (CVM) unweighted distance between

the true and estimated distributions.
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Emphasis is also placed on solution techniques and on numerical
problems, with descriptions of the way these were handled. The raw
computer output, the FORTRAN source code, and summaries of the CVM

response are shown, and one estimator is identified as superior to the

others. !
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PARAMETER ESTIMATION
FOR THE
FOUR PARAMETER BETA DISTRIBUTION

I. Introduction

An analyst's job often involves fitting a mathematically precise
model to an imperfectly known reality and then using the model to simu-
late reality. A statistician's task, in particular, often amounts to
identifying a well-understood probability distribution which adequately
describes the variations found in experimental data. Unfortunately, no
“best" method exists for performing this identification.

When we calculate the mean and variance of a collection of data and
use these two numbers to make statements about the reality which gave
rise to the data, we are usually assuming implicitly that the data is
adequately modeled as samples from a random variable with a normal
(Gaussian) distribution. Sometimes there is good reason to make such
an assumption, especially when it appears that the data points are
themselves sums of large numbers of independent random effects (whose
individual contributions may not be measurable). More often, there is
no such theoretical justification, but the assumption is made for con-
venience and, for limited purposes, it suffices. For instance, when a
limited amount of data is available on the response of some dependent
variable to a number of factors, it is common to assume an additive
model in terms of those factors, with independent and identically

distributed normal error terms, so that a classical analysis of variance
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can be used to identify significant effects. Yet when a lot of data is
available, the additivity, independence, normality, and equal-variance
assumptions are too often found to be inadequate. That is, a simple
model is commonly used when not enough data exists to refute it, if the
model itself is easy to use.

If the data at hand is believed to arise from a continuous distri-
bution with certain properties, it may be attractive to choose a Beta
distribution with which to model reality. Each Beta distribution has
finite upper and lower bounds and a continuous density function on the
open interval between. Different Beta distributions take on a large
variety of shapes to choose from, some having one mode or antimode
(local maximum or minimum of the density function) and some having a
zero of the density function at one bound and a singularity (infinite
value) at the other. If the data is believed to arise from a distri-
bution with such properties, it may be sufficient to model it with
a well-chosen Beta distribution. There could also be theoretical
reasons to expect the true distribution to be Beta (see Chapter II).

In either case, the task remains to choose the upper and lower limits
and the two shape parameters that determine an appropriate Beta distri-
bution. This task is called parameter estimation.

Parameter estimation always is affected by the kind of penalties
we place on different kinds of errors in the estimate and even when
appropriate penalties are agreed on, the "best" estimate may be diffi-
cult to find. Yet for many families of distributions, good estimators
exist. Often the maximum likelihood estimator is used. That is, given

a sample {x (1),..., x (n)} and a functional form fg(x) for the

probability density function (PDF), the parameter (or vector of
2
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parameters) 6 is chosen to maximize the likelihood function L(8) given

U by
L(e) = £,(x(1)) - F,(x(2)) -+ f,(x(n)) (1)

in case f(u’o)(x) =(2wof* exp (-(x-u)2/202), it .rns out that
2 . :{X(i)-u)z/n-

y ‘e .'.." »

A A
)

n
N L(u, 02) is maximized when u = £ x(i) and ¢«
i=1

Further analysis shows that this maximum 1ikeli » 3stimate (MLE) for

- (u, 02) has some nice properties but that this estimate of 02 is

v biased: it underestimates the true variance, on average. A good

‘ n
~ unbiased estimator is 02 =z (x(i)-u)z/(n-l). It is not difficult to

o derive the above MLE (6:51815;0) nor to show that the latter alterna-
tive for 02 is unbiased (6:397). Considering the other nice properties
(,~ GE;E of these unbiased estimators of u and 02 (15:222-261), including their
simplicity, parameter estimation for the normal distribution is essentially
no problem.

For the Beta distribution, parameter estimation certainly is a prob-
lem. First of all, if all four parameters are allowed to vary, the
N maximum value of the likelihood function is infinity for any sample and
this occurs for infinitely many values of the parameters. Thus no MLE
exists for the Beta (see Chapter II). Since methods of finding good
- unbiased estimators often begin with identifying the MLE, calculating its

bias if any, and removing that bias if possible (as in the case of the

o normal), it is no surprise that no known estimator for the four parameter

0
XA A
A A s

Beta can so far be considered "best" in any broad sense.

The intent of this thesis is to investigate some estimators for the

.- _‘
[ s
.“::‘.7

Beta which are suggested by the work of Cohen and Whitten (2,3,4) on
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other distributions. Small samples are emphasized, since for large
samples any of these estimators is likely to be adequate. Because the
samples are small, attention is largely restricted to moderate shape
parameters (from 0.1 to 10.0) and the samples are drawn from even less
extreme populations than those allowed as estimates. Nevertheless, six
different parent distributions are used, for sampling purposes, which
represent the general shapes available in the Beta family. )

In Chapter I, the Beta distribution is discussed in general and
some notational conventions are established. Next the estimators to
be examined are defined. The computer application of the estimators
to Beta samples is then discussed in Chapter III, with some attention

to the numerical problems that were encountered and resolved. Finally,

the results, conclusions, and recommendations for further study are

presented.




II. The Beta Distributions

Definitions and Notation

For any shape parameters, p,q > 0, the Beta function B8(p,q) is

defined by

1
s(psa) = fxP7T (1091 4 (2)
) ,

For any location parameters a,b (a < b) and shape parameters p,q > 0,

the Beta PDF with those parameters is defined by:

_a\P=1 o hg-1
(x-a) (b ;qu (3)
B(p,q) (b-a)

f(xsa,b,p,q) =

for a < x < b (zero otherwise). The incomplete Beta function ratio

(10:37-56) is defined as

.
Ixipaa) = gagy S ¢ (697t (4)
0

which is the same as the Beta cumulative density function (CDF) in the
case a=0, b=l.

Throughout the rest of this paper, a,b,p,q will stand for the
parameters of a Beta distribution defined by Eq (3) or (4) above. I(x)
will be used to mean I(x;p,q) and f(x) will stand for f(x;a,b,p,q). The

e ]
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CDF corresponding to f(x) will be denoted F(x).
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Moments

(?“ - The rM central moment of a random variable X will be denoted by

u = EX) (5)

~
h =4
]

P EE 2w (e ) (6)

h

The rt central moment of a sample will be denoted by Mr and defined by:

LA

P A

=
"

. I S e 1)

n
z x(i)/n (7)
i=1

NAENER .

NN

o7
D
s e

=
n
n~mS

]uﬁ)-mﬁ/mA) (8)

ha (i?\ i
¢ 2

3/2 and

The indices of skewness and kurtosis are a3 = Hq uz'
A =y u2-2- For a sample, these shape-factors will be estimated by

(8:BESTAT-3,4)
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The values of HysHos A3, and a, are given by Johnson and Kotz

(10:40) or Bertrand (1:20-22) and are:

up = a + (b-a) p/(p+q)
_ (b-a)% pq

¥2 2

(p+q)” (p+qtl)
a2y = 2 (g-p) Vp+qtl

(p+q+2) /pq
a=3 +q+1 2+2+ +q-6

4 pq (p+q+2) (p+q+3

Order Statistics

Each sample will be considered to be sorted in ascending order,

(1)

(12)

(13)

(14)

x(1) < x(2) < ... <x(n) and so x(1) and x(n) are the first and last order

statistics. The expected value of the last order statistic can be computed

as (5:7)

b
E(X(n)) J x - oFx)™7 dF(x)
a

1
a+ (b-a) Jx 1(x)™ dI(x)
0

(15)

The last integral in Eq (15) is the expected value of X(n) for the Beta

with a=0 and b=1 and will be denoted by XN Similarly, we have

PsG°

E(X(1))=a + (b-a) X1p,q

...........................
.......................

(16)
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and it is not difficult to see that

Thus, X1 can be computed using XN.

As defined above,

1
I x 1x)"7 d1(x)
0

XN
= P.q

1
n-1 xP71 (1-x)9°!
{x I(x) G B

(17)

(18)

Because this formula requires computation of both the incomplete Beta

ratio and the Beta function in a numerical integration scheme, other
equivalent formulae were examined. The first can be obtained by

substituting u = I(x) to get

1
= -1 n-1
XNp’q {n I"'(u) v du

Substituting v=u" in this integral gives

1
T - -1, 1/n
le,q fI (v'’") dv
0

(12)

(20)




The computation of I'] is very difficult and slow, so the original form

is integrated by parts to obtain

1 1
N = (x I(x)M) - fI(x)n dx
p'q o o

1
=1 - f1(x)" dx (21)
0

Natural Applications of the Beta

The simplest way in which Beta random variables occur is as order
statistics from a rectangular distribution (10:38). If a sample of

size K is taken from the standard uniform density on the interval (0,1)

h

and if the r*" order statistic is selected and called X}*k’ then it

happens that X}:k has the Beta distribution with a=0, b=1, p=r, and
q=k-r+1.

Another simple case in which Beta variates arise (10:38) is as
follows. If Zf and Zi are Chi-square random variables with V, and v,

degrees of freedom respectively (not necessarily integers) and if
2 2 2 2 2

X; and X, are independent, then the variable V2 = /(X + X)) is Beta

with a=0, b=l, p=v1/2. and q=V,/2.
The special case p=q=1/2 and a=0, b=1 gives rise to the arc-sine

distribution, so named because then

I(x) = % arcsin /x (0<x<1) (22)




.
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...................

This distribution occurs naturally in random walk theory (10:39), and

other cases in which p+q=1 but p#q are called generalized arc-sine

distributions.

Beta Distribution Shapes

Beta distributions have a wide variety of shapes (10:41). If
p>1and q>1 then the PDF approaches zero near the location
parameters and has a single mode at x = (p-1)/(p+q-2). These distri-
butions are called unimodal. If p <1 and q < 1 then the PDF is
U-shaped, approaching infinity at both location parameters and with a
single antimode at x = (p-1)/(p+q-2). If (p-1) (q-1) < O then no mode
or antimode exists, and the function is J-shaped (or reverse J-shaped).
The special case p=q=1 is the uniform density and the cases p=1, q=2 or
p=2, gq=1 give linear PDF's. Interchanging p and q is equivalent to

reflecting the distribution about x=1/2. That is

I (x;p,q) = I(1-x3q,p) (23)

which was used to derive Eq (17).

10
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III. Estimators for the Beta

The estimators used in this study for the Beta parameters are
called modified moment and modified maximum 1ikelihood estimators. Such
estimators have been applied by Cohen and Whitten (2,3,4) among others
to other distributions although we are aware of no empirical studies
for the Beta. Bertrand (1) used a modified moments estimator and a
modified maximum 1ikelihood estimator of sorts, but he had problems,
and essentially estimated only the shape parameters, after using an
extrapolation scheme to determine the location parameters. Bertrand's
study was limited to parent distributions for which p and q were both
one or larger, and constrained optimization was handled awkwardly.

The six estimators used here are each defined using four non-1linear
equations chosen out of the four categories discussed below, together
with certain constraints, such as a < x(1), b > x(u), p > 0, and
q > 0. In most cases, a form of the equation is arrived at which is
“dimensionless". That is, the terms on both sides of the equation
should be scale-independent of the location parameters, at least when
the estimates are correct. In each case, an error term is formed from
the difference of the two sides of the equation, and in the estimation
itself, the goal is to minimize the sum.of the squares of four such

error terms to determine the best estimate.

Moment Equations

The four moment equations are Ky = M1, My = MZ’ ag = A3, and

a, = A4 and the error terms derived from them are:

1




e = (uy=My) My (24)
ey = (uz-MZ)/M2 (25)
ey =2y - A (26)
e, = a, - A4 (27)

Setting e1=e2=e3=e4=0 and solving for a,b,p, and q gives the full moment
estimator (FULLM). Bertrand first determined a and b using an extra-
polation method (1:15-17) and then solved e1=e2=0 (using the biased
sample variance however) to determine p and q. He then attempted an
iterative solution of the four moment equations using this as a starting
point, but found that the numerical routine used to do this, ZSCNT (from
IMSL (8)), almost always attempted negative values of p and q and so this
failed.

The approach of this study to the problem was different. First of
all, Johnson and Kotz (10:41-44) give a closed form solution of the four
moment equations, so that iteration seemed unnecessary. Unfortunately,
this closed form solution was found to be in error, but fortunately
again, this author was able to derive the correct closed form solution.
This solution may well be in the literature already, but we have not
found it there. The derivative follows.

The original equations are:

= (b-a) p
p=at o (28)

12
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M, = chsz-azz
& (p+q)” (p+q+l) (29)
._-,*.“-‘-
A, = 2(q-p) Vp+g+l
(p+q+2) pq (30)
A = 3 +1) [2(p+ 2 + +q-6
4 Pq (p+q+2) (p+q+3 (31)
Substituting r = p+q and q'= r-p in the last equation gives
a = 30r#1) [2r% + p(r-p) (r-6)]
4 p(r-p) (r+2) (r+3) (32)
s 6 () ¥ 3 (rel) (r-6)
p (r-p) (r+2) (r+3) ~ (r+2) (r+3) (33)
- from which we obtain
6 (r+1) r A . 3(rH) (r-6)
p(r-p) (r+2) (r+3) 4 (r+2) (r+3) (34)
and so
6(r+1) rl 3 (r+1) (r-6) 71
P (r-p) = tmzT (a7 (A4 - _Té?fflréiiTl ] (35)
u_\",
L - 6 (r+1) rl
e Ry (r+2) (r+3) - 3 (r+I) (r-6) (36)
1
>
EE" 13
3
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This is the quadratic in p,

2
2
S W () I (e D I = M (37)

6 (r+1) r

whose solution is

~ ' a2 24 (r+1) r
p=1/2 (r ¢ \ﬁ - Ay (r+2) (r+3) - g (r+1) (r-6) ) (38)

_r . _ 24 (r+1)
=z (1= \/1 R, 72) (m3) -3 (e vy ) (39

Note then that

2, 2 20 (r+1
(r-2p)" = (1 - 72y ey ) )

Now cross-multiplying and squaring both sides in Eq (30) gives
K2 (r+2)% p(r-p) = 4 (r-2p)? (r+1) (a1)

Using Eq (36) to substitute on the left and Eq (40) to substitute on the

right and dividing out 1ike terms, and then multiplying by

[A4(r+2) (r+3) - 3 (r+1) (r-6)]/4

reduces Eq (41) to




-------------------------------------------------------

6A§ (r+2)%/4 Ay (r+2) (r+3)-3(r+1) (r-6)-24 (r+1) (42)

(r+2) [A, (r+3) - 3(r+1)] (43)

Then simplification gives

3/2 A5 (r+2) = A, (r43) - 3 (r+1) (44)
and so
6 (A,-A2-1)
r = __423_ (45)
6 + 35-2A,

Eq (39) was derived entirely from Eq (31), in which p and q appear
symmetrically, so the right side of Eq (39) is also the solution for g
(with the signs reversed). Thus, we have two solutions to choose from.
Either solution simultaneously solves Eqs (31) and (41). But in Eq (41)
and those derived from it, the sign of A3 has been lost and it is precisely
the sign of A3 which we need, looking at Eq (30), to resolve the ambiguity.
Clearly A3 and q-p must have the same sign and we choose the sign in
Eq (39) accordingly so that p < q if A3 >0and p > q if Ay < 0. When
r >0 (as it must be) this means a '+' sign in Eq (39) if A3.5 0 and a
'-' sign otherwise.

The solution given by Johnson and Kotz involves an intermediate
factor exactly as given in Eq (45) but a quite different expression in

place of Eq (39), with the sign determined in the same way.

15

--------
- . .
...............
...........

..........
.......
NPT e I I ot Tt P -



..........

v T - ——r ot et Mt S el it Mgt B -Sadir S A B iRk T S A A St a e SHMAe I G B e e A, SR S Al g
. . -0 DR A S SO MR AU IR TR

The full moment estimator is completed by solving Eqs (28) and (29)
for a and b. This method cannot fail, unless Eq (45) results in r < 0.
It is not clear whether that can occur at all, but it was never observed
in this study. The estimates a and b can be inconsistent, however, in
that a > x(1) and/or b < x(n). In that case, the inconsistent parameter
is set equal to the bound on it, and iteration is performed to minimize
e% + eg + eg + ei as a function of all four parameters, with the proper
constraints.

To do all of the constrained optimization involved in this study,
upper and lower limits were set for each parameter (0.1 and 10.0 for the
shape parameters) and a method was used which was briefly mentioned in

the IMSL Reference Manual (8:ZXMWD-2). Minimizing a function f(xl,...,xk)

subject to a; < x, < b, is equivalent to minimizing the function
g(tl”"’tk) = f(a1+(b]-a])sinzt],...,ak+(bk-ak)sin2tk) (46)

where now the ti are unconstrained. Thus, the above transformation is
done so that IMSL routines can be used successfully for constrained
optimization problems.

Finally, since it seemed that all of the methods had more difficulty

with the shape parameters than the location parameters, Eq (25) was

changed to
: - _ -1/2 '

to give that equation less weight in the estimations. Over the range

of populations used, this is roughly equivalent t- di "ding the right
» oA 16




side of Eq (25) by four. The difference only matters in cases where
-ig?- iteration is used, but in retrospect use of a constant weight factor
(. might have been better.
- Modified Maximum Likelihood Estimation
. The log-likelihood function o(a,b,p,q), given a sample x(1),...,x(n),
;i is
AN .
: n n
Q 6 = (p-1) = In(x(i)-a) + (g-1) ,g; Tn (b-x (i))
b, i=]
N - n In 8(p,q) - n (p*q-1) In (b-a) (47)
o
Y

To maximize o(a,b,p,q) we would ordinarily set its partial derivatives

equal to zero:

N

T n ) )
2 o, = (1-p) £ (x(i)-a)7 + 0l2tal) g (48)
i i=1 b-a
(A n - -
= 6. = (q-1) z (b-x(i))") - n{p*a=1) _ 4 (49)
_:.' b i=1 b-a
v n , 8 (p,q) |
o = ﬂl)'_a -
- IR R R (50)
5 n - 8 (p,q)
8 _ b-x(i) _
i
o~
“n The function 6 is in fact unbounded since if 0 < p < 1 then 8 (a,b,p,q)

R

approaches infinity as a approaches the minimum of the sample from below.

17
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Thus, any such p, a = x(1), and any choice of b and q could be
considered a maximum likelihood estimate. Therefore, no meaningful
maximum Tikelihood estimate actually exists, when all four parameters
can vary.

It is of interest to consider when Eqs (48) and (49) might have
solutions when p and q are known, so we will examine the implications
of those two equations. Adding Eqs (48) and (49) together gives

-1 (b=x(i))] (52)

1

(p-1) (x(i)-a) * = (q-1)

.i

Wesa 3
-—
ne 3

1

from which the condition (p-1) (q-1) > 0 is evident. From this it is
also clear that if (p-1) (g-1) = 0 then p=g=1, but then Eqs (48) and (49)
cannot hold. Thus ea=eb=0 implies that (p-1) (q-1) > 0. If p <1 then
also g <1 and any a and b which satisfy ea=eb=0 in that case would be
minimum 1ikelihood estimates of a and b rather than maximum 1ikelihood
estimates, so solving these equations is of no benefit unless p > 1 and
q>1.

Combination of some of the maximum likelihood equations with other
equations to obtain a system which does have a meaningful solution can
be called modified maximum likelihood estimation. In this study, the
equations ee=e4=ea=eb=0 gives such an estimator, called MMLE in this
study. When e3=e4=0 results inp <1 or q <1, the MMLE estimate is
simply the FULLM estimate, for convenience.

For any p > 1 and q > 1, useful bounds were derived for a and b

solving ea=eb=0. The derivation is simple though tedious and will not

be included here. These bounds can be expressed in the form:

18
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a-x(1) -1

1T IRy ¢ Ty (prgeTy (53)
and

1 < b-x(n) <1
(n-1) (p+q-1) + 1 (a-1) (x(n)-x(T}))

(54)

Slightly better bounds can be derived but these were sufficient for the

constrained optimization methods used.

Modified Moment Estimation

Replacing some of the four moment equations with other suitable
equations and solving the resulting system can be called modified moment
estimation (2,3,4). Thus, the estimator MMLE described above is also a
modified moment estimator. The supplementary equations used in this

study involve the first and last order statistics. The first two are:

X1
o5 = gl - SR - g (55)
5 x(n)-x(1 W -X
— Psq — P,q
Xin)-a XN
e :T.§._L(T)_ - —hg_ = 0 (56)
6 X{n)=x YN -Y]

— P9 —P»q

These are derived from setting E(X(1)) = x(1) and E(X(n))=x(n).

19
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The second two equations are:

- x(n)-a y . n__

e; =1 (593 - 0
= x(1)-a 1

eg =l (Tpg) T = O

These are derived from the equations:

E (I(X(n)))= I (x(n))

E (I(X(1)))=1 (x(1))

(57)

(58)

(59)

(60)

Similar equations were used by Cohen and Whitten because they contain

a lot of information about location parameters. Their studies involved

distributions with only one location parameter and so only the equations

involving the first order statistic were used. Their applications also

have not included any four-parameter families to our knowledge.

In this study, four different modified moment estimators are used

(not including MMLE) and these are:
MMET : e1=e2=e7=e8=0
MME2: e]=ez=e5=e6=0
MME3: e3=e4=e7=e8=0

MME4: e3=e4=e5=e6=0

20
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(62)

(63)

(64)
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Many other combinations are possible, and an exhaustive study was
. iiil impractical, but the six estimators above are thought to be representa-

tive of the estimators available and sufficient to point the direction

> to other promising estimators.

0
AL A KEAAARN

LD
()

i 50

* ".'..,‘l'....l -

-~ i
)

PPN,

a0
CLER

’, I. l.\

o ¥ .
NENEAT AT AN Ja'ld

LA A AN




»
AL

AT e »
.. "."S.“
R Y

O |
‘-.';,..‘N " - )' ‘.'\

l.-l. L A
Vs

[}
a_y
-

ONOSRD
EEX AR

[
i /.

Lo .
s 9 t-l,'l"ﬁq:"’ '.."." RO - 35X

F A0
N e
B ~ g D

P e "o
oo

................................

IV. Computer Applications

Study Design

The six estimates defined in Chapter III were compared at sample
sizes n=10 and n=20 using six different parent Beta distributions for
sampling. Those distributions all use a=0 and b=1 but the estimation
routines were not allowed to make use of that fact nor even to start
with any magnitudes in mind for the location parameters, other than those
derived from the sample. The criteria were kept dimensionless as near
as possible (see Chapter III) and so it is felt that extrapolation of
these results to other location parameters is valid. The six popula-
tions were chosen by using the levels 0.5, 1.0, and 2.0 for each
parameter and using only p < q because of symmetry.

For each combination of the two sample sizes and six parent distri-
butions used, two different series of 500 samples were generated, for a
total of 1000 samplesi Two random number seeds were used, each to
generate 500 samples, rather than a single series of 1000 samples. This
was done partly as insurance against a badly chosen seed number and
partly because some of the estimators were so slow that two separate runs
of 500 samples each were easier to accomplish than a single run of 1000
samples. The total of 1000 samples was chosen arbitrarily on the advice
of the advisor. Thus, 12,000 samples were generated and all six esti-
mators were used on each sample.

Output consisted of aggregate data for each series of 500 samples,

for each combination of sample size, seed number, and population (see

Appendix A). The estimates were to be compared using the Cramer Van Mieses

22
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Sii unweighted distance measure (1:10-11) defined by:
RN

- o 1
oW = [ [1)-F012 di(x) (65)
- 0

:2 where I(x) is the true CDF and F(x) is the CDF determined by the estimate
e values.

EE Other measures were considered, including the mean-square errors in
- the individual parameters, the sum of these four mean-square errors, or
08 the Anderson-Darling distance measure (1:10-11). The mean-square errors
75; were found to be very highly variable and would have been greatly affected
\.“

:; by the true scale in any case, so those are reported in the raw data but
ﬁ<l not used for comparison. The Anderson-Darling measure was first con-

35 sidered because it would penalize errors in the location parameters more
P

= ‘:=§ directly than other measures, but it was soon realized that too often

o that measure would be undefined. In fact, it would be infinite unless

f;l the estimated location parameters lie strictly within the true support

i of the parent distribution. The CVM is both dimensionless and always

. defined.

Eﬁi Solution Techniques

Like Bertrand's thesis (1) this study made heavy use of IMSL routines
(8) to generate Beta samples, to calculate I{x), to sort samples, to gene-
rate sample moments, and also to solve the nonlinear equations represented
by the estimators in Chapter III. Several equation-solving routines were
tried before adequate performance was obtained. ZSCNT was too unstable

and seldom yielded a solution. ZXMIN was too slow incases (1ike MMEl
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and MME2) where function evaluation was very slow. ZSPOW was finally

found to be adequate and was used for all of the iterative solutions
(8:ZSPOW:1-3). Although ZXMWD (8:ZXMWD:1-3) was also too siow (since
it uses ZXMIN many times), the description of ZXMWD led to the trans-
formation (46) which worked quite well for these estimators.

Thus, ZSPOW was used to perform unconstrained optimization in
terms of the tra--formed variables, to accomplish constrained optimiza-
tion in terms of the original variables. A tendency existed for the
transformed variables to get so large that the transformation and its
inverse could not be performed accurately, so a penalty function was
added to that being minimized, to discourage large values while leaving
function values unchanged for more moderate values of the transformed
variables. (See subroutines SHAPE, RESHPE, PENLTY, FCN2, and FCN4 in

Appendix B).

Computation Problems

Several significant computational problems were encountered and

5ﬁ resolved. The first was the computation of Zﬁp’q. Eq (18) was not
used because no direct way of computing s(p,q) was available although
computation of I(x) using MDBETA (8) was straightforward. It was also
felt that the resulting unboundéd integrand (for p <1 or q < 1) would
cause problems in numerical integration. Eq (20) was tried and consis-

1 was very slow.

;..
e
i' tent results were obtained, but the calculation of I~
=
For some values of the arguments the IMSL routine MDBETI failed to con-

verge to a solution after 100 iterations of a Newton's method, with the

required calculation of I(x) at each step. An inversion routinc was

Qi 'ﬂﬁl' written by the author (see MYBETI, Appendix B) which improved the
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situation, but finally Eq (21) was seen to be much more convenient,

since one integration point cost only one evaluation of I(x) rather

Talal e, e

than many.

e B

Inverting I(x) was necessary for another purpose (calculating a,b

D ]

from e7=e8=0 for given p and q) and this was done using a combination

of false position (14:112-117) and Muller's method (14:136 - 145). (See

B

MYBETI in Appendix B.)

NN

P

Numerical integration required for computing XNP q and CVM was done
using Gaussian Quadrature (14:401-412 and 13:103). Sixteen point quad-
rature was first used but an increase to twenty-four point quadrature

was made for safety. The fact that XN changed only in the fourth

q
decimal point in this transition was esidence that sufficient accuracy
was being obtained.

Large amounts of computer time was saved by arranging to compute

0 the twenty-four values of I needed in Eq (21) only once each time the
true population changed rather than six times for the six estimators
multiplied by 500 times for the 500 samples. Even with this and many
other economy measures, possibly 90% of the computation time was used
in MDBETA and the routines used by MDBETA.

Because some of the estimators were so slow (as much as two CP
seconds for one sample on the Cyber 74) the 144 groups of 500 samples
had to be broken into many computer runs. Reruns were impossible for
format changes and the data was accumulated in a single data file in
nearly random order, so small programs were written to sort the data
and reformat it to produce the listing in Appendix A and the Tables in

Chapter V. Thus, these outputs do not come directly from the routines

=T in Appendix B.
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V. Results, Conclusions, and Recommendations

Results

In Appendix A are the outputs from the study, sorted by sample
size, population, seed number, and estimator. Means and other statistics
are reported for six variables in each case, over the 500 samples involved.

These variables are, in order, a, b-1, Tn(CVM), and the

P=Ptrye’ 9%rye’

criterion variable (e$+e§+e§+ez in the case of FULLM for instance). The
correlation coefficient matrix of these six variables is shown, and
finally four other statistics are reported. The first of these is the
average number of function evaluations required in the iterative solution
scheme. The second is the proportion of samples which required use of
FCN2 (ZSPOW applied to two-parameter problems) and third is similar, for
FCN4. The last is the proportion of samples for which the method either
could not converge (as in MMLE when p < 1 or q < 1) or was flagged as
having possibly diverged because the criterion variable was larger than
.01 or because ZSPOW reported a failure. Most of these divergent cases
were acceptable, and in any case everything useful was done to minimize
them.

Tables I and II on the following pages contain a summary of the
mean and the standard error of the mean for the In (CVM) for the same
144 cases in Appendix A. In Table III are the grand mean and the mean
effects of the four variables of the design. These show that, as expected,

the two seed numbers had negligible overall differences. The larger sample

size gives a smaller CVM by a factor of approximately

e-2(.3879)

.46 (66)
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-4,7086
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1.0

2.0
~4,5614
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-4.5837
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~4,46730

+ 0455

-4.46944
+ 0491

-4.7680
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~-4,8093
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~-4.4684
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-4,46498
0488
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0501
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2.0
2,0
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~4,7480
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TABLE III
Grand Mean: -4.7839
Sample Size Effects: +0.3879 n=10

-0.3879 n=20

Seed Number Effects: -0.0025 seed #1
+0.0025 seed #2

Population Effects: +0.1922 p=0.5 q=0.5
+0.1157 p=0.5 q=1.0
+0.3187 p=0.5 q=2.0
-0.1255 p=1.0 q=1.0
-0.1745 p=1.0 q=2.0
-0.3266 p=2.0 q=2.0

Estimator Effects: -0.1074 FULLM

-0.2387 MME1
-0.3478 MME2
-0.2342 MME3
-0.1797 MME4
+1.1078 MMLE
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TARLE T

SAMFLE SIZE!: 10

PTRUE ] ] ] 1.0 1.0 2,0

QTRUE 5 1.0 2.0 1.0 2.0 2.0

FULLM -4.,4804 -4,4241 ~4.,2355 —4,6362 -4,5726 -4.,7813
+ 0320 + 0325 20338 +0340 « 0342 + 0350

MME 1 -4.5804 -4,5815 ~-4.2316 ~-4,6986 -4.4837 -4.7838
+0320 0356 «0312 +0333 + 0334 +03346

MMEZ2 ~4,5605 ~4,4245 -4,6636 -4,7218 -4.7887 -4.,9152
L0312 0311 0358 +0323 0341 e 0367

MME3 ~4,7313 =-4,6108 -4,3450 ~4,8498 ~4,4920 -4,8955
+ 0349 +0349 + 0341 +0362 + 0354 +0344

MME4 ~4,6429 -4,5481 -4,3205 -4,7426 ~-4,5405 -~4,8401
+0328 <0335 +0334 + 0355 + 0349 + 0350

MMLE -2.5635% -2,9088 -2,6825 ~3,4022 -3,7982 <-4,0613
+0344 + 0400 + 0344 + 0475 + 0487 + 0500
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TARLE

SAMFLE SIZE: 20
PTRUE oS oS S 1.0 1.0 2.0
QTRUE + 5 1.0 2.0 1.0 2.0 2.0
FULLM -5.1788 -5.,1728 -4.8984 ~3+4366 ~5,3473 -5,5320

+0320 +03504 + 0358 +0381 +0384 + 0367
MME 1 -5.5094 -5.4332 -5,1249 -5,5199 ~5.95689 ~5.5%562

+ 0372 + 0370 + 0410 +0372 + 0382 0350
MME2 =3.4875 -5.49386 -5.48646 -5.5945 ~3.6129 -5,6514

+ 0354 0368 + 0350 +0381 + 0379 <0358
MME3 ~5+3436 -5.2784 -4.9506 -5.5410 ~5.34531 -5.6132

+ 0369 + 0390 +0383 +0393 + 03764 «0376
MME4 ~5+3145 -5.2454 -4,9785 -5,4445 ~-5.3274 -5,.5207

« 0358 + 0383 + 0391 +0388 0388 +0382
MMLE -2.6835 ~3.7001 -3,4873 -4.3234 ~5.1240 -5,1763

. 0308 +0433 +0421 + 0474 +0452 + 04355
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Populations with p <1 or q < 1 are apparently more difficult to estimate

than others, and the case p=0.5 and q=2.0 is worst of the six. Popula-
tion p=q=2 is estimated best by these methods. The estimated treatment
effects show that MMLE performed poorly while MME2 seems to have per-
formed best.

Tables IV and V show the same data as Tables I and II, but with the
two series of 500 samples collapsed into one collection of 1000 data
il points. A pesﬁimistic estimate of standard error is .05, so differences
in estimated effects much larger than that can be considered significant.

Thus, MMLE is significantly poorer than the other estimates and MME2 is

iﬁ probably better than the others, while the others may be about equally
ij good. This significance test is not formalized because none of the usual
;j assumptions are likely to be met (normality, independence, equal within-
- 6 cell variances);

Conclusions and Recommendations

MME2 seems to be clearly better than the other estimates over this
range of populations and sample sizes, if CVM is an appropriate measure.
Each estimator is optimal with respect to a defensible measure of its
own, however, since the minimization of e$+e§+e§+ei (for instance) is
just as intuitively attractive and meaningful as minimization of CVM.
Therefore, such results must be used with care, and the behavior of the
j mean square errors should augment that of CVM in a complete evaluation

of these estimators.

MME2 is apparently the best of these estimators in the sense agreed

i upon, but recorded CP times show that it is also the slowest of them all
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(at least with the implementation used here). FULLM is by far the

fastest estimator used here, followed by MMLE, MME3, MME4, MMET, and
MME2 in order from fastest to slowest. FULLM is over 100 times faster
than MME2, and if that extra cost is significant to a user it should
be considered. For a single sample, even MME2 can be computed in less
than 3 CP seconds, however, so the difference is really important only
for Monte Carlo analysis stch as this.

Future work in this area could center on using such things as mode
statistics in place of the first moment or using an extension of the
MME2 estimator to use the first two and last two order statistics along
with the first two moments. A very promising estimator is given by

e]=e2=0 together with:

X(1) +X@2)  x(1) + x(2)

3 ) 5 (67)

(X(n-1) + X(n) x(n-1) + x(n)

)= 5 (68)

Since the statistics involved would have smaller variance than X(1) or
X(Z) alone. The superior performance of MME2 is probably due to the smalil
variance of X(1) and X(n), and if that can be taken advantage of, then
the location parameters can be better estimated. Much work in more
theoretical areas needs to be done in order to answer questions like

the appropriateness of one distance measure over another.
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. SAMPLE STIZE: 10 ESTIMATOR: FULLM SEED
- TRUE F3 « 300 TRUE Q¢ « 300
MEAN MEAN SQUARE ST ERROR
-.0358 +0144 + 0051
+ 0251 +0109 +0045
1366 + 7400 + 0380
+1188 + 3044 +0279
-4,4407 20,7584 + 0456
+ 0044 + 0029 « 0024
CORRELATION COEFFICIENTS?
1.000
—0093 10000
~s776 +286 1.000
-+ 409 621 +711 1.000
+016 -.058 -+ 060 -+060 1.000
v033 ~.027 -.046 -.,047 042 1,000
ITERATIONS FCN2 USED FCN4 USED LDIVERGED
4,9260 0.0000 + 4640 + 046560
SAMPLE SIZE: 10 ESTIMATOR: MME1
. TRUE F? + 300 TRUE Q¢ + 500
‘j? MEAN MEAN SQUARE 5Th ERROR
‘00303 00507 00100
0253 +0598 +0109
+0743 +4807 +0308
0631 3674 + 0270
-4,35429 21,4874 + 0458
+0014 +0001 + 0005
CORRELATION COEFFICIENTS!
1.000
=012 1.000
—0850 0080 10000
~-+143 794 + 379 10000
-.006 +005 -.088 -.082 1.000
~.030 224 +013 057 172 1.000
ITERATIONS FCN2 USED FCN4 USED DIVERGET:
24,4840 + 3560 + 3380 + 0480

37

SEED #:

STO
1146
+1013
+ 8493
16249

1.0191
+0539

nEy

STO DEV
+ 2231
+ 2431
+ 6893
+ 6028
1.0245
0116
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SAMFLE SIZE:

10 ESTIMAT
+ 500 TRUE

MEAN SQUARE
+ 44064

+ 2455
8.7337
S5.2958
21.4439
+0000

CORRELATION COEFFICIENTS:

TRUE F3

MEAN
-+ 2329
+1616
1.0641
. 8038
-4,5235
+ 0003

1.000
008 1.000
‘0914 0095
-+137 + 886
“0205 + 219
-.491 -=.010

1.000
«331  1.00"
+144 171

+ 409 +034

ITERATIONS FCN2 USED' FCN4

15.3660

SAMPLE SIZE:

+1920

DRE MMER
Qs 500

STDH ERROR
+ 0278
+ Q209
+ 1233
+ 0964
+0443
+0001

1.000
+161 1000

USED DIVERGETD
« 15320 0040

10 ESTIMATOR: MME3 SEED

TRUE P: +S00 TRUE Q¢ + 500
MEAN MEAN SQUARE STh ERROR
-.0394 + 0291 + 0074
«0351 + 0250 + 0069
1366 + 7400 0380
.1188 + 4044 Q279
-4,7089 23.3913 + 0493
0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS:
1.000
-,173 1.000
- 0866 0292 .'. 0000
-.483 + 687 711  1.000
+09. "0025 -+163 -+ 165 1.000
1.000

ITERATIONS FCN2 USED FCN4

0.0000

0.0000

0.0000

USED DIVERGELD
0.0000

SEET

¥ 1

STh DEV
16216
+44684

2.7571
2.1563
+9910
+ 0014

2 1

STh DEV
+ 1560
1542
+ 8493
6249

1.1033
0.0000
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SAMFLE SIZES 10 ESTIMATOR: M4 GEED #¢ 1
TRUE Pt « 300 TRUE + 500
MEAN MEAN SQUARE STH ERROR STH BEY
-.0424 0216 s 0063 + 1406
+ 0384 «0179 + 0057 +1282
+ 1366 + 7400 + 0380 + 8493
.1188 +40446 0279 6249
-4.,56031 22,2797 s 0447 1.0444
0.0000 0.,0000 0.0000 0.0000
CORRELATION COEFFICTIENTS?
1.000
-.128 1.000
-.844 v 268 1.000
"0452 s 667 071.]. 1.000
+052 -.009 -+126 -,131 1.000
1.000
ITERATIONS FCN2 USED FCN4 USED NIVERGED
0.0000 0.0000 0.0000 0.0000
SAMPLE SIZE: 10 ESTIMATOR: MMLE SEED #¢ 1
TRUE P + 300 TRUE @3 + 300
MEAN MEAN SQUARE STD ERROR STO DEV
-.3815 13.7488 + 1649 3.46883
1366 + 7400 + 0380 + 8493
1188 + 40446 +Q279 + 6249
-2.5538 7.7316 + 0492 1.0998
?391.5850715181189.8925 1119.8029 25039.5551
CORRELATION COEFFICIENTS?
1.000Q
-.124 1.000
011 +213  1.000
+026 323 +711 1.000
-.113 -+ 378 -.484 "0623 1.000

- 322 108

ITERATIONS FCN2 USED

2.,1980

+ 051 + 095

FCN4 USED
+ 0820 0.0000

-+167 1.000

39

DIVERGED
+ 9200




SAMFLE STZES 10 FESTIMATORS FLILLM BEETE 4
TRUE F¢ + 500 TRUE Q3 500
MEAN MEAN SQUARE ST ERROK
~, 0359 Q227 0085
. 0449 «0561 «0104
2935 9.83500 + 1397
14476 30,3813 2457
-4,5201 21.4337 . 0448
0101 +0091 0042
CORRELATION COEFFICIENTS?
1.000
~-+631 1.000
"0780 0882 1 +000
-0707 0911 0986 10000
011 009 ~.004 007 1.000
-.068 33 + Q55 029 +068 1.000
ITERATIONS FCN2 USED FCN4 USED ODIVERGED
4,51490 0.0000 + 4200 + 0420
SAMFLE SIZE! 10 ESTIMATOR: MME1 SEED #:
TRUE P? + 300 TRUE Q¢ +« 300
MEAN MEAN SQUARE STDh ERROR
-00171 00210 + 0064
0257 0152 +0054
+0574 2917 + 0240
+ 08356 +4143 +0285
~4,56179 22,3250 + Q447
+0010 + 0000 +0002
CORRELATION COEFFICIENTS:
1.000
~.040 1,000
=-+700 +351 1.000
-.162 +825 605 1,000
-,013 ~-.021 -,082 -+069 1.000
-.041 0295 0096 0146 0136 10000
ITERATIONS FCN2 USED FCN4 USED DIVERGED
22.8880 + 3260 + 3060 + 0420
ST RERA TSSOSO

ST ey
L4l
2326
3.1247
9.4937
1,0012

« 0949

%)

STh DEV
+ 1438
+ 1206
3370
+ 5380
+ 9998
+ 0051
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SAMFLE STZE: 10 ESTIMATOR S MMF2
TRUE P! + 500 TRUE @@ + 500
MEAN MEAN SQUARE STt ERROR
~+1716 + 2939 Q230
+1386 1774 +0178
+8523 6+4866 + 1073
» 7388 4.8735 + 0930
-4,53975 22.0943 . 0438
+0003 +0000 + 0001
CORRELATION COEFFICIENTS!
1.000
=.025 1,000
-.882 1163 1.000
-.179 +873 +440 1.000
-.194 +181 + 152 +145 1.000
-+500 + 002 + 466 +103 +129  1.000
ITERATIONS FCN2 USED FCN4 USED DIVERGED
14,2840 + 1560 +1340 + 0080
SAMFLE SIZE: 10 ESTIMATOR?! MME3 SFED
TRUE P3 « 300 TRUE @ + 500
MEAN MEAN SQUARE STDO ERROR
~-.040%5 + Q448 + 0093
+ 0591 1161 + 0150
» 2935 ?.8500 + 1397
« 4476 30.3813 2457
~-4,7937 24,1866 + 0491
0.0000 0.0000 0.0000
CORRELATION CGEFFICIENTS!
1.000
-.68% 1.000
"0819 + 879 1.000
-+740 +« 907 +986 1.000
+088 ~-,060 =-,070 =-,052 1.000
1,000
ITERATIONS FCN2 USED FCN4 USED DIVERGED
0.0000 0.0000 0.0000 0.0000
41

..................
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SEED #

SThN DEV
D142
e 3977
2.4000
2.0803
+ 9784
+0016

STh DEV

+2078

+ 3356
3.1247
5.4937
1.0984
0.0000
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= SAMPLE SI1ZE: 10 ESTIMATOR: MME4 SEED #¢ 2
e TRUE P! » 500 TRUE Q: + 500
MEAN MEAN SRUARE ST ERROR STO DEVY
-.0434 0327 L0079 V1757
0601 0836 0127 + 2829
$ 2935 92,8500 . 1397 3.1247
4476 30.3813 + 2457 5.4937
-4,6827 22.9857 « 04460 1.0288
_ 0.0000 0.0000 0.0000 0.0000
p .
P CORRELATION COEFFICIENTS!
r:‘. 1.000
o -.658 1,000
-.807 877 1.000
-.728 + 908 986 1.000
044 -,020 -.040 -,023 1.000
1.000
ITERATIONS FCN2 USEIR' FCN4 USED HIVERGED
0.0000 0.0000 0.0000 0.0000
SAMPLE SIZE: 10 ESTIMATOR: MMLE SEED 2
TRUE P! +500 TRUE Q¢ + 500
MEAN MEAN SQUARE STDH ERROR STU DEVY
-.1558 2.6616 L0726 1.46240
-.5064 7296 L0308 6879
« 2935 92.8500 1397 3.1247
8476 30.3813 2457 5.4937
-2.5732 77716 + 0480 1.0725
8185.3309563529110.7419 996.5234 22282.9412
CORRELATION COEFFICIENTS:
1.000
-0263 10000
-.052 «375  1.000
-.047 372 986 1.000
—0082 —0450 -0200 "‘9156 10000
-.200 096 =,010 ~-,008 =-.216 1.000
ITERATIONS FCN2 USED FCN4 USEID HIVERGED
2.3520 + 0960 0.0000 + 9020
[ ]
42
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SAMPLE STZE: 10 ESTIMATORE FULILM SEED 1
TRUE P » 500 TRUE L+000
MEAN MEAN SQUARE ST ERROR STDO DEY
- 0245 +0091 + 0041 +0917
~-.0410 + 0670 0114 $ 2955
« 1209 +9170 + 0425 + 9499
+1478 S.8488 +1080 2.4139
-4 ,4440 20.7969 + 0454 1.0147
0151 + 08690 0117 e 2622
CORRELATION COEFFICIENTS!
1.000
-+211 1.000
- 825 +457 1.000
-,386 « 682 « 728  1.000
-e008 =229 ~-,054 ~-.085 1.000
-.,029 +007 +013 -.008 +051 1.000
ITERATIONS FCN2 USFI FCN4 USFU LIVERGED
4,54560 0.0000 e 4660 +0740
SAMFLE STZk 10 ESTIMATOR: MMEL SEED 1
TRUE P + 9500 TRUE Q3 1.000
MEAN MEAN SQUARE ST ERROR ST DEV
-.0040 + 0026 « 0023 + 0508
-.0473 +0521 +Q1090 2234
-.0375 + 1512 +0173 + 3871
-+1441 + 3507 + 0326 e 7279
-4 ,5904 22.2803 + 0492 1.0992
.0019 +0000 +0002 + 0042
CORRELATINN COEFFICIENTS:
1.000
i Y 042 1 * 000
-+710 +316 1.000
-.248 N.Y-Y4 1669 1,000
~e021 ~,363 ~.,168 ~,350 1.000
-0017 0128 "'001.4 0092 02:,3 10000
ITERATIONS FCN2 USED FCN4 USED DIVERGEND
38,0500 « 5740 « 5560 . 0880
PC"
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SAMPLE SIZE:
TRUE F:

MEAN
'} 0677
+ 4049
16246
2.0520
-4.,6183
+ 0002

10 ESTIMATORS MMER SEED

+ 500 TRUE @2

MEAN SQUARF
0506
+8394

3.5960
16.4128
22.2167

+0000

CORRELATION COEFFICIENTSS

1.000

“0006 l¢000
"0912 0111
=223 +860
-+170 ~-+310
-.318 +119

ITERATIONS FCN2 USED

24.12890

SAMPLE SIZE!
TRUE Pt

MEAN
~-.022
0328
+ 1209
+1478
-4,6501
0.0000

1.000
+8413  1.000
117 =-.221

« 313 +144

FCN4 USELD

1.000

STD ERROR
0094
0368
+ 0796
e 1962
+ 0421
+0000

1.000
080 1,000

DIVERGED

+ 3600 + 3280 + 00490

10 ESTIMATOR?

+ 500 TRUE Q3

MEAN SQUARE
+0123
+1300
+92170

5.8488
22,8696
0.0000

CORRELATION COEFFICTIENTS!

1.000

=.269 1.000
-.896 + 445
'0473 0704
-.048 -,200

1.000
+728 1,000

-+031 -.100

MME3 SEETH
1.000

STH ERROR
0049
L0161
0425
.1080
L0499

0.0000

1.000
1.000

ITERATIONS FCN2 USED FCN4 USFEI
0.,0000 0.0000 0.,0000

LOTVERGED
0.0000

# &

¥

STO DEY
2145
B219

1.7793
3.4931
+9424
» 0010

ST nEV
» 1085
3591
» 7499

2.4139
1.1154
0.+0000




@ n

13- AN
ot

a0 07
3

'll .
N .
B

PRSP

0.0000

10 ESTIMATORE HMME4

»S00 TRUE Q¢

MEAN SAUARE
+ D090

0942

+ 9170
T.8488
2242300
0.0000

CORRELATION COEFFICIENTS?:

1.000

"0236 1 .000
~.881 +A424
"0454 0684
~-+047 -+ 209

ITERATTONS FCN2 USED

0.0000

SAMPLE SIZE:
TRUE P2

MEAN

e 1534
-+3616
+ 1209
+1478
T 9962

1.000
728 1,000
“0026 "0093

0.0000

FCN4 USED
0.0000

1000

STH ERRGR
0041
0137
+ 0425
+ 1080
+ 0485

0.0000

1.000
1.000

NIVERGED
0.0000

10 ESTIMATOR? MMLE SEED

+ 300 TRUE Q3

MEAN SQUARE
2.7897

+ 3578

+9170
T.+8488
10,5218

10808,5825755223439.3249

CORRELATION COEFFICIENTS:

1.000

-.,082 10000
+009 426
011 . 530

-.130 -.708

-.129 +190

1.000
+728 1.000
-.308 -.,296

-.026 015

ITERATIONS FCN2 USED FCN4

2:6560

.1180

0.0000

1.000
ST ERROR
10744
+0213
+ 0425
+1080
+0374
1129.9540
1.000
=221 1.000

USED DIVERGED
+8940

¥

SEED #< 1

STh Dy
L0P21
+ 3063
2499
2.4139
1.0835
0.00090

STH DEV
1.6632
4764

+ 9499
2.4139
1.2825
25266.5388
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SAMPLE SI7E:¢ 10 ESTIMATORS FLLLM SEEn
TRUE F: » 200 TRUE @3 1.000
MEAN MEAN SQUARE 5TH ERROR
-+0233 0057 + Q032
. =+ 0523 10579 +010%
) 10617 + 4298 0292
~+0309 1.5318 + 0553
-4.4021 20,4614 + 04465
+0024 + 0000 + 0003
CORRELATION COEFFICIENTS!
1.000
e l 64 l * 000
~+s 751 + 360 1,000
"’0398 0688 0732 l 0000
~e012 =139 ~,041 ~-,130 1.000
+143 +123  ~,170 ~,028 +212 1,000
ITERATIONS FCN2 USED FCN4 USED DIVERGED
4,1020 0.0000 « 4320 L0720
SAMFLE SIZE: 10 ESTIMATOR! MME1L SEED
TRUE P + 300 TRUE @t 1.000
MEAN MEAN SQUARE STl ERROR
~-+0035 + 0034 « 0026
~-+0544 » 0327 +0100
~-.0532 +1568 +0176
~.2052 16704 +0354
~4,572% 22,2380 0316
+ 0020 + 0000 + 0002
CORRELATION COEFFICIENTS:
1,000
-.108 1.000
"071'4 0327 10000
~-+264 + 701 632 1.000
=+043 ~-,260 ~-,101 ~,282 1.000
-+035 + 208 -,053 . 081 237 1.000
ITERATTIONS FCN2 USEDN FCN4 USED DIVERGED
35.3980 + 3420 3220 + 0880
44
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STh Dy
0718

« 2348

v 63527
1.2373
1.0407
0065

J

STh DEV
L0578
2230
+ 3924
7925

1,1532
+0055
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SaMPLE SIZF: 10 FESTIMATORS MME2 SEFD
TRUE F@ « 500 TRUE @3 1 +000
MEAN MEAN SQUARF STO ERROR
-.0674 + 05468 0102
+ 3383 +7118 +03446
5708 3+4945 + 0796
1.6801 13.7306 +1477
-4,46306 22.4838 + 0456
+0001 + 0000 « 0000
CORRELATION COEFFICTIENTS:
1.000
-.023 1,000
—~e937 +113  1.000
=217 +848 »383 1,000
-.194 -.254 +161 =172 1.000
-.522 + 045 459 080 +046  1.000
ITERATIONS FCN2 USED FCN4 USELD LIVERGED
21.9960 + 3200 2820 0.0000
SAMPLE SIZE: 10 ESTIMATOR: MMES3 SEED
TRUE P2 + 300 TRUE @ 1.000
MEAN MEAN SQUARE ST ERROR
-.0190 » 0088 +0041
+0106 + 1135 0151
0617 + 4298 +0292
-.0309 1.5318 0553
-4.5715 22.0827 + 0487
0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS!
1.000
-0261 10000
"'0867 0366 1 0000
-+527 754 v 732 1,000
-+073 -+117 -.002 ~.136 1.000
1.000
ITERATIONS FCN2 USEL FCN4 USED DTVERGED
0.0000 0.0000 0.0000 0.0000
47
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STH TiEY
¢ 2285
7729
1.7801
3.3027
1.0203

+0005

8]

STh DEV
+ 0919
.+ 3367
16527
1.2373
1.0880
0.0000
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SAMFLE STIZE: 10 ESTIMATOR: MMIE4 SEED #¢ e
TRUE F3 + 300 TRUE G 1.000
MEAN MEAN SQUARFE S5TO ERRKOR STD DEV
~.0201 + 0067 + 0035 0771
.0014 +0832 +0129 + 2884
0617 + 4298 +0292 « 6527
-+.0309 1,5318 0553 1.2373
~-4,5034 21.3428 + 0461 1.0305
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICIENTSS
1.000
-+ 225 1,000
~-.844 +340 1.000
-.498 719 v 732 1,000
-+s060 =-.119 ~.014 -.1G56 1.000
1,000
ITERATIONS FCN2 USED' FCN4 USEU DIVERGED
0.0000 0.0000 Q.,0000 0.0000
SAMFLE STZE! 10 ESTIMATOR: MMLE SEED #¢ 2
TRUE P¢ + 500 TRUE Q¢ 1,000
MEAN MEAN SQUARE ST ERROR STh DEV
—-+14650 6.8426 +1148 2.6106
-+4282 05900 +028% + 0376
0617 + 4298 + 0292 + 6527
-+0309 1.5318 0833 1.2373
-2.8213 9.5028 » 05355 1.2421
12072.,1791900614481,4612 1228,7206 27475.,0282

CORRELATION CAEFFICIENTS:
1.000
-0289 10000
.018 +347 1,000
«022 472 «732 1,000
“0088 -0515 ~0403 “0473
-e179 +143 -,018 024

ITERATIONS FCN2 USEL' FCN4 USED DIVERGED
2.5080 +1120 0.0000 + 8840

1,000
-0235 10000

48
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o - SAMFILLF SIZE: 10 ESTIMATOR: FIU.LM SEFD #& 1
NN TRUE F3 LH00 TRUE QF 2,000
- MEAN MEAN SQUARE STh ERROR S5TLH BEY
= -.0108 « 00446 + 0030 0673
~b~ -+ 2793 «1415 0115 + 25463
:{ ~.0548 +3140 + 0249 v OIS75
;ﬁ' ~+9071 2.0321 + 0492 1.0997
e +0779 2:3965 + 0491 1.5461
E CORRELATION COEFFICIENTS:
-1 1.000
g -.199  1.000
R -.827 +195%5  1.000
y -+ 459 + 404 e 766 1.000
-{ ~+030 -,108 -.109 ~-,169 1.000
1E -+ 907 « 186 1594 + 360 015 1,000
_:} ITERATIONS FOCN2 USEDL  FCN4 USEID DIVERGED
v 4,9820 0.0000 « 5260 + 1360
;: SAMPLE STZE?! 10 ESTIMATOR: MMEL SEED #: 1
Y - TRUE P: +S00 TRUE Q¢ 2,000
( 6 e
e ME AN MEAN SQUARE ST ERROR STh EY
tf + 0024 + 0003 + 0008 +0171
:4 -+3009 +1466 +0106 e 2367
',: -, 1965 +1028 +0113 + 2534
/. -1.2958 1,9337 0226 «a047
- -4,2101 18.7753 0458 1.0248
he +0047 + 0002 + 0006 0131
A
-.:: CORRELATTION COEFFICIENTS:!
::-‘ 1 0000
N -.014 1.000
NS -0595 0048 10000
-"_ —0409 0290 0805 1 0000
:: -.,043 ~,054 ~-,258 ~,279 1.000
‘.:: + 025 + 384 -.198 -+053 +« 280 1.000
“»
-7
™ ITERATIONS FCN2 USEDl FCN4 USED NIVERGED
L 44,3420 + 7340 + 7060 +1500
L
N
.:-‘
;g e
Y
e
T 49
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AAMPLE SIZF: 10 ESTIMATORS MMIE2 SERTE #¢
TRUE F: » S00 TRUE Q3 2,000
MEAN MEAN SQUARE STU ERROR
=+ 0200 + 0055 L0032
«1777 + 5461 +0321
+ 2844 1.2544 +0484
1.5123 13.7818 + 1516
-4.6448 22.8757 + 0507
+ 0001 + 0000 + 0000
CORRELATION COEFFICIENTS:
1,000
"‘0033 1 0000
=.,?15 +098  1.000
-.283 729 477  1.000
-+161 =-.431 «102 ~-.254 1,000
"0'.89 003[ 0148 0()51 001..[. :’0000
ITERATTONS FCN2 USEL FCN4 USED DIVERGED
34,5680 +8160 ¢+ 5240 + 0060
SAMPLE SIZE: 10 ESTIMATOR: MMESJ SEED #:
TRUE P3 » 300 TRUE Qt 2.000
MEAN MEAN SQUARE STD ERROR
-.0058 + 0025 + 0022
~-¢1732 1314 0156
-+ 0568 + 3140 0249
-+9071 2.0321 + 0492
0.0000 0.,0000 00,0000
CORRELATION COEFFICIENTS?
1.000
-+175  1.000
~+?13 +134 1,000
—+619 + 446 1766 1.000
-.127 +036 +001 -,095 1.000
1.000
ITERATIONS FCN2 USED FCN4 USED DIVERGED
0.0000 0.0000 0.0000 0.0000

STh OEV
Q712
7173

1.0833
3.3904
1.1326

+ 0003

STDh DEV

+ 0492
+3484
+ 3875
1.0997
1.0759
0.0000
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SAMFLE STZF S 10 ESTIMATOR: MME4 SEFT 4 1
TRUF P! 500 TRUE Q¢ 2,000
MEAN  MEAN SQUARE STH ERROK STO DEV
-, 0067 .0018 y 0019 L0421
-.0568 v 3140 + 0249 L5575
-.9071 2.0321 «0492 1.0997
-4,3011 19,6090 «0471 1,0535
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS?
10000 ~
-.152  1.000
-.908 .135 1,000
‘0600 0404 0766 1 .000
-.119  .003 ~-.018 =~-,118 1.000
1,000
ITERATIONS FCN2 USED FCN4 USED  DIVERGED
0.0000 0.0000 0.,0000 0.0000
SAMFLE SIZE: 10 ESTIMATOR: MMLE SEED #¢ 1
TRUE P »500  TRUE Q:  2.000
. : MEAN  MEAN SQUARE STH ERROR STO DEV
o -v1377 3.5449 , 0840 1.8777
o -.4891 + 3596 L0155 + 3470
- -,0568 +3140 + 0249 5575
o -.9071 2,0321 . 0492 1.0997
-! -2,6896 8.4349 . 0491 1.0969
X 16919.2884 1428.5447 31943.2304
e CORRELATION COEFFICIENTS!
. -,008 1.000
e «016  .338 1.000
~t ‘034  ,577 766 1,000
e -.111 -,506 -.,429 -,501 1.000
- -.,082 ,210 .,034 ,073 -~,209 1.000
o ITERATIONS FCN2 USED FCN4 USFD DOTVERGED
2.0360 .0720 0.0000 + 9340
k-
e
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SAMPLE SIZER
TRUE F3

MEAN

e 0075
-02550
-.0786
~-.8485
~4,2542

+0177

10 ESTIMATORS

500 TRUE Q¢

MEAN SQUARE
+ 0010

1522

+2418
8.1091
19.2098

+ 0834

CORRELATION COEFFICIENTS:

1.000

-.1%52 1.000

-0688 0404

-.358 + 589

"0057 "'0055
+ 021 +002

ITERATTONS FCN2 USED

5.4020

SAMFLE SIZE:

1.000
v795  1.000
“0100 -003]

_0034 "0018

FULLM

SEET

2,000

STh

1.000
+ 040

FCN4 USED

0.0000 + 3400

10 ESTIMATOR: MME1
2.000

+ 500 TRUE Q¢

MEAN SQUARE
+ 0003

»1385

+ 0876
1.9377
18.9861
.0001

CORRELATION COEFFICIENTS?

TRUE F?

MEAN
+ 0035
~.2836
-.2060
-1.3046
-4,2531
+ 0044

1,000
+020 1.000
—0478 0096
_0216 C422
-.041 + 003
+ 044 +372

1.000

740 1.000
-+310 =,305
-+2850 -.040

STHO

1,000
+317

ITERATIONS FCN2 USED FCN4 USED
+7080 + 6680

42,1620

ERROR
+0014
+0132
0217
«1216
0472
0129

1.000

OTVERGET
+ 1420

SEED

ERROR
+ 0007
+0108
+ 0095
0217
+ 0424
+0004

1.000

[ITVERGED
« 1520

SThE DEV
20313
2953
+4854

2.7183
1.0545
+ 2883

rd

ST DEV
+0158
+ 2409
2126
+ 4856
9472
» 0089

.~,m,~:nxn.u’£
LS (O SR S % W)
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SAMFLE STZES 10 ESTIMATORS MidE2 SEEU #: ?
TRUE P «S00 TRUE Q: 2.000
MEAN MEAN SQUARE ST ERROR STU LKy
-+0171 + 0037 0024 OS5 H0
1624 + 4942 + 0306 +6840
« 2101 + 7559 0377 8436
1.2870 12.8121 +1494 3.3400
-4.6804 23.1847 + 0506 1.131LS
+0001 +0000 « 0000 0006
CORRELATION COEFFICIENTS:
1,000
-e112 1,000
—0920 0219 10000
"'0332 + 760 0547 1 0000
-.181 -,381 091 ~-.239 1.000
‘0024 0198 0021 0105 -+040 1.000
ITERATIONS FCN2 USED FCN4 USED DIVERGED
32.4320 + 5780 5120 +0020
SAMFLE SIZE:! 10 ESTIMATOR: MME3 SEED #: 2
TRUE P + 300 TRUE Q: 2.000
MEAN MEAN SQUARE ST ERROR STLH DEV
-.0034 0012 0015 . 0341
-.1470 v 1927 01895 +4136
-.0784 » 2418 0217 + 4854
-.8485 8.1091 »1216 2.7183
-4,35%593 20.1687 »0483 1.,0794
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS:
1.000
—0290 1.000
-0843 0395 1,000
-.35%58 604 +795 1,000
-.137 .089 -,012 -,001 1.000
1.000
ITERATIONS FCN2 USEDI' FCN4 USED DNIVERGED
0.,0000 0.0000 0.0000 0.0000
53
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SAMPLE STZE! 10 ESTIMATORS MME4 SEET
TRUE F3 « 300 TRUE @t 2.000
MEAN MEAN SOUARE STO ERROR
=+0047 « 0009 0013
-.0796 +2418 +0217
-.8485 8.1091 +1216
-4,3398 19.92469 +0472
0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS!
1.000
-.243 1.000
"0824 0374 1 0000
~.0514 » 584 795 1.000
-+117 +060 -,033 ~-,010 1.000
1.000
ITERATIONS FCN2Z USED FON4 USEU LIVERGED
00,0000 0.,0000 0.0000 0.+0000
SAMFLE STZE: 10 ESTIMATOR: MMLE SEED
TRUE P + 300 TRUE Qi 2,000
MEAN MEAN SQUARFE STD ERROR
-.1422 3.4146 + 0824
-.0786 + 2418 + 0217
-.8485 8.1091 +1216
"&.06754 803440 00487
13589.0473 1280.7684
CORRELATION COEFFICIENTS:
1.000
-.038 1 0000
+ 049 +518 1.000
+013 + 360 795 1.000
~.108 -.496 -.403 -,205 1.000
T 112 0256 0075 0033 "0309 1 + Q00
ITERATIONS FCN2 USED FCN4 USELD DIVERGED
1.8820 + 0620 0.0000 + 9460

i

3

ST DIFY
0297
+ 3602
+48354
2.7183
1.0551
0.0000

e 2

STh DEV
1.8424

+ 3886

+ 4854
2.7183
1.08%90
28638.85264
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SAMFLE SIZE: 10 ESTIMAT
TRUE P2 1.000 TRIME
MEAN MEAN SQUARE
=+ Q2RG 0407
+0118 +0526
+ 2941 4.0266
+ 2944 5.5833
~4.6369 22.5848
+0032 + 0012
CORRELATION COEFFICIENTS!
1.000
=187 1.000
=790 +428 1.000
-+387 * 835 Y 4] 1. 000
» 090 -+062 ""0071 —0038
-~ 159 + 109 +183 156
ITERATIONS FCN2 USER FCM4
3.6480 0.0000
SAMFLE SIZE: 10 ESTIMAT
TRUE P 1,000 TRUE
MEAN MEAN SQUARE
-.0142 +0313
« 0016 + 0304
+ 0076 1,0393
~.0189 1.0187
-4,45880 23,0093
+0017 0000
CORRELATION COEFFICIENTS?
1+.000
-+019 1,000
-.782 + 233 1.000
-+263 o774 «583  1.000
161 -.093 -.,143 -~,080
-¢273 + 205 295 + 263
ITERATIONS FCN2 USEDl FCN4
41.7400 + 5780

QR: FULL
(: 1.0

STD

1,000
+ 039

USED

+ 3320

OR$ MME1L
Q: 1.0

ST

1.000
"0026

USET

3620

M

00

(53]
L

E T

t

ERROR
« 0089
+ 0102
+ 0888
+ 1048
+ 0466
+ 0016

1.000

DTVERGED
<0440

Hi 4

SEED #2

00

ERROR
+ 0079
+0078
+ Q456
+ 0451
+ 0454
+0001

1.000

DIVERGED

1220

-----------------

STO DEY
1998
12291
1.9850
2.3445
1.0410

L0351

STH IEV
1765
+ 1743
1.0194
1.0091
1.0158
+Q033
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SAMFLE SIFE: 10 ESTITHMATORE MME2 SEET i
TRUE F¢ 1.000 TRUE (: 1000
MEAN MEAN SQUARE ST ERROR STO DEW
-+ 3278 147254 + Q270 504
+ 1805 e 2346 +0201 4495
2.2081 18,3456 + 1643 3.6728
1.,5755 11.8095 11366 3.0541
-4,7049 23.0780 + 0434 9707
+ 0007 + 0000 +0001 +0023
CORRELATION COEFFICIENTS!
1.000 .
+029 1.000
~-.907 +124 1,000
-,136 +8468 387 1.000
~+011 ~=,000 =~-.,050 =-.036 1.000
- 58686 =-.,0464 +477 +O32 +032 1,000
ITERATIONS FOCON2 USETl FCN4 USFT OIVERGED
26,8580 + 3680 + 2980 +0160
SAMPLE SIZE: 10 ESTIMATOR: MMES3 SEED #: 1
TRUE F? 1.000 TRUE Q3 1.000
MEAN MEFAN SQUARE STh ERROR STH LEY
- 06465 + 0855 +0127 + 2848
0542 +1095 +0146 + 3264
+ 2941 44,0266 0888 1.9850
+ 2944 S5.5833 +1048 2+.3445
-4,8903 25,2459 +0516 1.1536
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS:
1.000
-+261 1.000
-.846 +460 1,000
"0428 0865 0695 10000
o234 ~-,185 -.238 -.188 1.000
1,000
ITERATIONS FCN2 USED FCN4 USED DIVERGET
00,0000 0.0000 0.0000 0.0000
lf.
Cj
ij
o
-
I_I.
R
;i 56
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[
- SAMFILE STZF: 10 ESTIMATORS MME4 SEED k¢ 1
S TRUE F: 1,000  TRUE Q¢ 1,000
MEAN MEAN SQUARE STt ERROR ST kW
+ 0420 0783 0124 2767
+ 2941 4.,0266 + 08838 1.9850
+2944 5.5833 1048 23445
-4 ,774S 24.0544 + 0498 1.1135
0.0000 0.0000 0.0000 0.0000
- CORRELATION COEFFICTENTS!
s 1.000
*-.' -.228 1.000
. —0830 + 444 10000
3 =-.411 +853 695 1,000
- + 169 -.134 -,179 =-,133 1.000
- 1.000
-
Cal
g ITERATIONS FCN2 USED FCN4 USED UDIVERGED
: 0.0000 00,0000 00,0000 00,0000
5 SAMPLE SIZE? 10 ESTIMATOR: MMLE SEED #¢ 1
[~ ) TRUE P? 1.000 TRUE Q@ 1.000
&
‘. - ME AN MEAN SQUARE STO ERROR STL LEV
. ' + 0169 + 3891 0279 + 6235
. -+¢3047 e 3663 + 0234 + 5230
N + 2941 4,0266 0888 1.9850
g + 2944 T.5833 +1048 2.3445
~3,4926 14,6062 10694 1.5317
., 12219.8461961144071.7260 1274,2225 28492.,4803
o CORRELATION COEFFICIENTS:
v 1.000
" ~+450 1.000
=235 + 384 1.000
% -.111  .548  ,695 1.000
.. +051 ~.580 ~,305 ~-,258 1.000
% + 046 080 -.079 -.063 -,158 1.000
- ITERATIONS FCN2 USEDN FCN4 USED DIVERGFD
: 4.5100 2680 0.0000 e 7520
SRS
. -
<

.. 57
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SAMFLE STZER

..........

10 ESTIMAT

TRUE F2 1.000 TRUE
MEAN MEAN SQUARE
"00123 00416
+ 2361 27.3347
+ 3105 24,6891
9.2784 42106.4649
-4,6355 22.7079
+ 0045 0017
CORRELATION COEFFICTIENTS:
1.000
=-.902 1.000
~. 664 +262 1.000
=-+.4986 1,000 999 1,000
«113 -+047 - Q073 "0044
—-.282 + 006 +108 -.002
ITERATIONS FCN2 USED FCN4
4,37540 0.0000

SAMFLE SIZE? 10 ESTIMAT
TRUE P¢ 1.000 TRUE
MEAN MEAN SQUARE
-.0014 +0328
-.0091 +0218
-.0743 + 87469
"01370 05549
~-4,7092 23.3587
0015 +0000
CORRELATION COEFFICIENTS:
1.000
-.,049 1.000
-.827 '203 1.000
-+ 290 . 754 . 530 1 0000
0123 -+144 -.134 -+216
- o230 222 0258 0253
ITERATIONS FCN2 USED FCNA4
38.1960 » 5500

ORe FULLM SEEU 4 ¢ .
Q: 1,000
5TH ERROR STH DEY
L0091 L2037
W2336 5,2229 ‘
\2218 4.9591] |
9.1674 204,.9887 ;
0494 1.1046 |
.0018 + 0409
1.000
-.028 1,000
USE HIVERGED
+ 4080 0520
OR?: MME1 SEEI #¢ 2
a: 1,000
ST ERROR STH DEV
. 0081 ,1810
0066 1475
.0417 + 9335
0327 7321
+ 0484 1,0872
+ 0002 +0035
1.000
-,058 1,000
USET DIVERGED
+ 5200 + 0900
58
.................. o




SAMPLE STZE: 10 ESTIMATORS MiF2 BEED ¢
TRUE P! 1.000 TRUE Q3 1.+000

MEAN MEAN SQUARF ST ERROR

-+32820 14674 0279

1614 +2481 0211

1.7657 15.0481 + 1545

1.2004 ?.0795 +1236
-4,7387 23,5959 0478

+0006 + 0000 + 0001

CORRELATION COEFFICIENTS!
1.000
+035 1.000
-.902 +088 1.000
e 133 + 852 0368 10000
-.093 + 062 0022 _0013 1.000
—-+614 ~-,010 » 948 074 +050 1,000

ITERATIONS FCN2 USED FCN4 USKFD DIVERGED
23.3900 + 3100 + 2500 +0120

SAMPLE STZF: 10 ESTIMATNR: MME3 SEEL #3
TRUE P¢ 1.000 TRUE Q: 1.000

MEAN MEAN SQUARE STD ERROR
~+0430 0827 0127
+ 3863 91.2372 3197

+ 3105 24,6891 2218
?.2784 42106.4649 9.1674
-4,8093 24.4191 + 0508
0.0000 00,0000 0.0000

CORRELATTON COEFFICIENTS!
1.000
-+321  1.000
-. 46964 + 962 1.000
-.514  1.000 «?39 1.000
+248 -,068 ~.145 -.040 1.000
1.000

ITERATIONS FON2 USED FCN4 USED DIVERGED
0.0000 0.0000 0.0000 0.0000

59

%}

aTn

ey

+ 6228
+4712
3.4540
2.7638
1.0678
+0021

"

sSTD

=
o

7.1

LEV
843
491

34,9591

204,9
1.1

887

356

0.0000

-------




SaMFLE SIiZES
TRUE P2

i0
1,000

CORRELATION COEFFICIENTS?

. -

ESTIMATORS
TRUE Q3

Ml 4
1,000

AEED #

1,000

—0896 10000

‘0866 0958 1 0000

-.894 1,000 +959 1,000

—0059 0018 "0098 '017 10000

"0030 "0020 "0042 -»021 “9124 10000

ITERATIONS FCN2 USEDI FCN4 USED DIVERGED
3.+6940 +2140 0.0000 7920

50

A T T -
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-

ME AN MEAN SQUARE 5TH ERROR ST QEY
~.+ 4658 P9%.3329 + 4384 ?,8039
21.0411 221201.,1190 21.0123 469.8493
+ 31035 24.46891 2218 4,95%91
?.2784 42106.4449 ?.1674 204,9887
-4,7086 23,4457 + 03505 1.1289
0.0000 0.0000 0.0000 0.0000
CORRELATION CNEFFICIENTS?
1.000
-10000 10000
-.962 957 1.000
-1.000 1,000 259 1.000
~+121 1325 049 <123 1.000
1L+000
ITERATIONS FCN2 USED  FCN4 USED HTVERGET
0.0000 0.0000 0.0000 0.0000
SAMPLE SIZE! 10 ESTIMATOR! MMLE SEED #: 2
TRUE F? 1.000 TRUE Q¢ 1.000
MEAN MEAN SQUARF ST ERROR STH DEY
~.15348 6.+2300 1118 2.49353
o 4,0247 P525.7312 4.,3611 ?7.5168
- + 3105 24.6891 2218 4,9591
- ?.2784 42106.4649 ?.1674 204.9887
-3.3118 13.0437 0644 1.+.4408
12858.3660998854882.3835 1291.,1369 28870.6998

e finn.

V'L',','.l




SAMPILIE SIZE: 10 ESTIMATORS FLULLH SEFI 4
i TRUE P33 1.000 TRUE @2 2000
iﬂ MEAN MEEAN SOUARE ST ERROR
R ~. 0025 P0212 L0065
L -+ 1057 0915 0127
Ve 0579 S6209 + 1060
A~ -.3593 6+1679 «1099
P -4,5614 21.9016 + 0468
+ 00446 +0008 +0013
CORRELATION COEFFICIENTS:
1.000
=121 1.000
-.897 222 1.000
-+ 465 0689 512 1,000
-+031 -~-.,121 s031 =074 1.000
» 058 306 -.017 +141 + 120 1.000
ITERATTONS FCN2 UWSED FCN4 USED NIVERGED
3.9020 0.0000 + 4080 0980
SAMPLE STZE? 10 ESTIMATOR: MME1L SFED %1
TRUE P: 1000 TRUE Q3 2.000
MEAN MEAN SQUARE ST ERROR
10157 0069 +0036
-+2778 6277 L0332
-.7837 2.0093 +03528
~4,6730 22.8701 + 0455
+ 0022 +0000 0002
CORRELATION COEFFICIENTS?
1.000
~+071 1.000
~ e 745 + 308 1.000
“0409 0710 0741 J.OOO
052 ~=.267 -.104 -.257 1.000
=.005 267 + 036 + 155 +102  1.000
ITERATIONS FCN2 USEDl FCN4 USED DIVERGED

47.8180 + 6780 + 6460

+ 1200

S5TH OEV
« L4534
+ 2834
2.3701
2.4574
1.04466

L0285

ST OEV
0813

+ 2484
7419
1.1798
1.01435
+ 0044
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SAMFLE STZE S 1o ESTIMATOR: MMEZR SEET ¢ i
TRUE P2 14000 TRUE Q¢ 2,000
MEAN MEAN SQUARE STDh ERROR ST LEY
~+1041 0746 20113 2525
+ 2414 + 5044 +0299 + 6679
1.1333 8.,0455 + 1163 2.6002
1.9984 17.4847 + 1643 3.6730
-4,7680 23.7887 0459 1.0272
+ 0003 + 0000 + 0001 0012
CNORRELATION COEFFICTIENTSS
1,000
+063 1,000
=215 008 1.000
-.220 +794 +402  1.000
~-.086 ~.259 0835 =235 1.000
-+ 370 s 062 + 330 + 093 L1286 1.000
ITERATIONS FCN2 USED  FCN4 USED LDIVERGET
33.0000 + 4780 + 4200 + 0060
SAMPLE SIZE: 10 ESTIMATOR: MME3 SEED #¢ 1
TRUE Pt 1.000 TRUE Q¢ 2,000
MEAN MEAN SQUARE ST ERROR ST DEWV
-.0194 +0431 + 0092 + 2066
-+0160 +1619 0180 + 4020
+ 0579 5.6209 + 1060 2,3701
~. 3593 61479 «1099 2.4574
-4,7156 23.4931 + 0501 1.1207
00,0000 0.,0000 0.0000 0.0000
CORRELATINON COFFFICIENTSS
1.000
-.198 1.000
~-.928 + 242 1,000
“0522 0722 0612 10000
004 -,139 000 ~-.148 1.000
1.000
ITERATIONS FCN2 USED FCN4 USED DIVERGELD
0.0000 0.0000 0.0000 0.0000
62




SAMFLE ST7E!

i ESTIMATOR: MME4 SEET 4! 1
TRUE ¢ 1.000 TRUE (¢ 2,000
MEAN MEAN SQUARE ST ERROR ST nEy
~.0149 +0313 + 0079 1762
0579 56209 + 1060 2.3701
~+3593 61679 +1099 2.4574
-4,56498 22.8067 + 0487 1,08%90
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS?:
1.000
e 1 71 1. 000
—-.919 «229  1.000
~+3507 + 704 +H12  1.000
=+010 -.150 014 ~-.148 1,000
1.000
ITERATIONS FCN2 USEDT FCN4 USFD DIVERGED
0.0000 0.0000 0.0000 0.0000
SAMFPLLE SIZE: 10 ESTIMATOR: MMLE SEEI' #¢ 1
TRUE F? 1.000 TRUE Q3 2,000
MEAN MEAN SQUARE ST ERROR 8T NEV
-.1359 4,1018 + 0904 2.0207
~+2854 e 3507 0232 + 3189
+ 0579 5.6209 + 1060 2.3701
-+ 3593 6.16772 + 1099 2.,4574
13880,4572 1315.1785 29408.2845
CORRELATION COEFFICIENTS?
1.000
“"0084 1 .000
-.034 +202  1.000
007, L3235 +b12 1,000
-.142 -,512 -,098 ~.269 1.000
-+132 + 053 ~+,0648 "0058 -.093 1.000
ITERATIONS FCN2 USED FCN4 USED DTVERGED
4,1300 + 2420 0.0000 + 78660
63
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SAMFLE STZES i0 ESTIMATORS FULLM SEED #< 2
TRUE F3 1.000 TRUE @3 2.000

MEAN MEAN SQUARE STD ERROR STO LEV

-.0011 0089 +0042 + 0943

-e1225 + 1299 0152 « 3390

-.0861 1.4362 0535 1.1953

-+ 3569 10.3939 + 1433 3.2042
~4,5837 22.2510 + 0498 1.1139

+ 0036 + 0002 + 0006 +0131

CORRELATION COEFFICIENTS?
1.000
-+194 1.000
~e770 +413 1.000
-+337 +833 627 1.000
014 —,164 ~.070 ~.115 1,000
-.108 +111 + 097 053 181 1.000

ITERATIONS FCN2 USED  FCN4 USED NTVERGED
3.8080 0.0000 + 3940 «1020

SAMPLE SIZE: 10 ESTIMATOR: MME1 SFED #¢

o]
TRUE P: 1.000 TRUE Q@ 2.000

MEAN MEAN SQUARE STt ERROR STDh DEV
0134 +0050 + 0031 0692
-.1392 + 0804 +0110 + 2470

-+ 3297 + 3403 0215 4812
-.8861 1.8147 +0454 1.0146
~4.6944 23.2386 + 0490 1.0959
+0019 +0000 +0001 +0033

CORRELATINON COEFFTCIENTS?

.-
.

‘e

s

)

s

“

) 1,000
"; -.051 1.000
. -0667 0295 1 0000
- ~.242 753  .610 1.000
o ,025 -.317 =-.226 =.376 1,000
o -.010 .300 057 .236 .,085 1.000
A
e ITERATIONS FCN2 USED FCN4 USED  DIVERGED
q 46,4500 +6820 + 6580 +1020
&5
2
0
I.‘-‘- 64
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SAMPLE STZE¢ 10 ESTIMATORS MMEZ2 SEREQ ¢
TRUE F? 1.000 TRUE @2 2.000
MEAN MEAN SQUARE 5T ERROR
"00975 00766 00116
e 2616 + 5439 + 0308
» 9687 6.8794 + 1090
2.,0303 18.37%1 + 1689
-4,8093 24,3932 + 0503
+ 0002 +0000 » 0000
CORRELATION COEFFICIENTS?
1.000
033 1.000
-.?12 +05% 1.000
-.174 +830 +388 1.000
-.119 =-.223 «049 -.214 1.000
-+303 + 039 + 490 +163 +060 1.000
ITERATIONS FCN2 USEDN FCN4 USED DIVERGED
31.2020 + 4500 + 3800 0.0000
SAMFLE SIZE: 10 ESTIMATOR: MME3 SEED #3%
TRUE P 1.000 TRUE Q3 2,000
MEAN MEAN SRUARE STH ERROR
~-.0129 0162 0057
-+0379 2411 L0219
-.0861 1.,4362 + 0535
~. 3569 10,3939 +1433
~4,6684 23,0347 + 0498
0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS?
1.000
-.282 1,000
"0864 0413 10000
‘0435 0855 06?.7 1 0000
+ 061 -.212 "‘0128 - 225 1.000
1.000
ITERATIONS FCN2 USED FCN4 USED DIVERGED

0.0000

0.0000 0.0000

0.0000

STH LEV
2591
+6B9D
2.4374
3.7759
1.1241

+ 0007

STO DEV
» 1258

+ 4896
1,1953
3.2042
1.1139
0.0000
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SAaMFLE SI7ES 10 ESTIMATOR: MME4 SEFN
TRUE 3 1.000 TRUE Q3 2.000
MEAN MEAN SQUARE ST ERROR
-+ 0099 +0118 0048
~+0647 + 1800 +0188
~-.,0861 1.4362 + 0535
-+ 33569 10.3939 «1433
~-4,6311 22.7014 + 0501
0.0000 0.+.0000 0.,0000
CORRELATION COEFFICIENTS:
1.000
"0250 .' 0000
-+833 +401  1.000
"0407 0842 0627 3#000
+040 -,228 ~,108 -.,208 1,000
1.000
ITERATIONS FCN2 USED FCN4 USED LDIVERGED
0.0000 0.0000 0.0000 0.0000

SAMPLE STZES i0 ESTIMATOR: MMLE SFED
TRUE F? 1.000 TRUE Q: 2.000
ME AN MEAN SQUARE STD ERROR
+0193 1.2461 0499
-.3292 4775 L0272
~.0861 1.4362 + 0535
-+ 3969 10.3939 + 1433
-3.8082 16.8361 + 0683
15565.616%5 1408.9582
CARRELATION COEFFICIENTS!
1.000
-.282 1.000
"0047 0348 1 .000
-.022 v 569 627 1,000
-.057 -+ 490 -+ 233 ~-.249 1.000
-+139 + 089 -.084 ~+ 065 "0179 1.000
ITERATIONS FCN2 USED FCN4 USED DIVERGED
3.5180 + 1980 0.0000 + 8060
456

#3

¢ ”

* Ao

STO DEV
1081

+ 4193
1.1953
342042
1.1198
0.+0000

|8

STO DEV
1.1161
+6076
1.1953
3.2042
1.5276
31505.2626
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SAaMPLE STZE: 10 FSTIMAT
TRUE F¢ 24000 TRUE
MEAN MEAN SQUARF
0273 0976
‘00219 01095
-00597 1709526
+ 0958 26.0206
~-4,8144 24.4110
.0187 .0288
CORRELATION COEFFICIENTS:
1.000
—0252 10000
~.866 e 393 1.000
_0325 0886 0491 10000
+123 -.060 -—-.,147 -.04%5
‘0197 0225 e 166 0149
ITERATIONS FCN2 USED FCN4
3.9920 0.0000
SAMPLE STZE: 10 ESTIMAT
TRUE P! 2,000 TRUE
ME AN MEAN SQUARE
+ 0650 10426
-.0674 +0373
‘08521 108539
~+8594 1.6546
‘408094 2402804
. 0022 +0000
CORRELATION COFFFTICTENTS!
1.000
-.,008 1.000
~.838 +139 1,000
-.187 +780 427 1.000
0071 -0047 -0167 '012]
—0285 0234 0299 0250
ITERATIONS FCN2 USED FCN4

52,

3840

+ 7580

QR
Q: 2,000

Ft

STh

1.000
-.036

USED
« 2960

OR: MMEL

Mo RERD

ERROR
0139
0148
» 1895
2281
» 0494
+0075

1.000

DIVERGED
+ 0700

SEET

Qa: 2.000

STD

1.000
078

USED
+ 7400

ERROR
. 0088
. 0081
+ 0475
0428
+ 0480
+0002

1.000

DIVERGED
+ 1380

¥

T

S1Tn Dy
3112
+3302
4.,2366
S5.1001
1.1093

+1686

STO DEV
19359
1809

1.0620
9?2571
1.0726
+0036
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SAMFLE SIZES 10 ESTIMATORE MME2 SEED #: 1
TRUE F2? 2,000 TRUE @Q: 2,000
ME AN MEAN SQUARE ST ERROR ST NEY
=+ 2360 3771 + D250 5082
+ 1239 1942 .0189 4229
1.98453 17.8292 1667 367267
1.3320 12.0125 + 1431 3.1997
~4,9533 25.8790 03518 1,1591
+ 0009 +0000 +0001 + 0027
CORRELATION COEFFICIENTS:
1.000
+111  1.0Q00
-0870 0031 1 .000
-.019 +844 306 1.000
+012 -+001 =050 "0026 1 0000
"0593 "’055 0457 "0019 9058 1 0000
ITERATIONS FCN2 USED FCN4 USED IIVERGED
35.73540 + 4980 +41460 + 0240
SAMPLE STZE: 10 ESTIMATOR: MME3 SEED #: 1
TRUE F: 2,000 TRUE @3 2.000
MEAN MEAN SQUARE STh ERROR STh LEV
-.0252 + 1808 + 0190 + 4245
+0417 2101 +0204 + 4565
-.0597 17.9526 + 1895 4,2366
+ 0958 26.0206 2281 9+1001
-4,9319 25.5151 +0488 1.0914
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS?
1.000
-.270 1.000
"0888 0394 1 0000
~+340 + 893 +491  1.000
+138 -+1395 -,168 -.133 1,000
1.000
ITERATIONS FCN2 USFII FCN4 USED DIVERGED
0.0000 0.0000 00,0000 0.,0000
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SAMFLE STZE: 10 ESTIMATORL MME4 SEED 43 1
TRUE F3 2,000 TRUE Qf 2000

MEAN MEAN SQUARE STh FRROR ST LV
—00020 01319 90162 03632
+0162 « 1525 +0174 + 3902
-.0597 17,9526 + 1895 4,236646
0958 26 .0206 . 2281 S5.1001
~-4,8901 25.2221 + 0512 1+1440
0.0000 0.0000 0.0000 0.,0000

CORRELATION COEFFICIENTS?
4 1.000 N
=252 1,000
—-.883 +385 1.000
-+ 332 + 888 491 1.000
172 =134 —,211 -,131 1.000

1,000
ITERATIONS FCN2 USED FCN4 USFI DNIVERGED
0.0000 0.0000 0.0000 0.0000
SAMPLE STZE? 10 ESTTMATOR: MMLE SEED #¢ 1
TRUE F3 2.000 TRUE Q@ 2,000
ME AN MEAN SQRUARE STh ERROR STDO DEV
0742 ¢ 2271 0211 + 4708
-.1945 « 2720 +0216 + 4840
-+0597 17.9524 +1895 4,2366
» 0958 26.0206 + 2281 9+1001
~-4,1722 19.8856 +0704 1.5743
11367.1590875595752.7988 1221.7884 27320.0192

CORRELATION COEFFICTIENTSS
1.000
-0428 10000
-,338 + 327 1.000
—0199 0653 0491 10000
« 095 ‘0452 -+209 -+139 1.000
.005 -.,0235 “0083 ‘0089 ‘0063 10000

ITERATIONS FCN2 USFDI FCN4 USED DIVERGED
5.8800 + 3940 0.0000 +6180

69
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SAMPLE STZF: 10 ESTIMATOR: FULLHM SEET ¢ 2
TRUE P23 2,000 TRUE Q3 2.000
ME AN MEAN SQUARE ST ERROR STO Iy
+0477 + 0801 0125 2789
=+0676 + 0472 » 0092 + 2064
-+.3186 7+4579 +1213 2.7123
~+4457 3:6577 + 0832 1.8598
~4,7480 23.7556 + 0492 1.1010
+ 0094 +0131 + 0051 +1142
CORRELATION COEFFICIENTS!
1.000
-0180 1;000
-.885 307 1.000
-+ 390 766 + 601 10000
158 ~,199 -,149 ~-.173 1.000
-+134 v 322 o135 + 317 -+014 1000\')
ITERATIONS FCN2 USED FCN4 USED IIVERGED
3.9080 0.0000 + 3060 + 0480
SAMPLE STZE: 10 ESTIMATOR: MME1 SEED #¢ 2
TRUE FP¢ 2,000 TRUE Q3@ 2,000
ME AN MEAN SQUARE STO ERROR STh DEV
+ 0840 +0334 + 0073 + 1623
-.0828 + 0362 +0077 +1712
~+9359 L+6829 +0402 + 8984
~+92210 1.6422 + 0399 8911
-4,7581 23.7389 + 0469 1.0484
+ 0020 +0000 + 0001 + 0031
CORRELATION COEFFICTENTS?
1.000
-,033 1,000
-.737 229 1.000
-, 219 729 + 363 1.000
o112 -.190 ~,223 ~.267 1.000
~.230 + 225 247 +248 -,011 1.000
ITERATIONS FCN2 USEDl FCN4 USED DTVERGED
49.5440 « 7280 + 6980 +» 14090

70




-

ISR
L] ]
..""‘ #_I 0

.
s '
LV )

.................. e TR T T RCSAR RN
SAMFLE SIZE: 1O ESTIMATORL MidE2 SEi L
TRUE F3 2,000 TRUE @2 2.000
ME AN MEAN SQUARE ST ERROR
= 2465 + 3484 Q240
+ 0907 + 1639 0176
2.0363 18.703%5 + 1706
1.1697 11.37463 «1415
-4,8770 25,1297 10519
+ 0007 + 0000 +0001
CORRELATION COEFFICTIENTS?
1.000
+073  1.000
=863 +081 1.000
-.081 + 846 + 374  1.000
+017 -0145 - 075 _0178 1.000
=-+9519 -.012 + 413 « 037 ~.005 1.000
ITERATIONS FCN2 USFTT  FCM4 USFED DIVERGED
34,1420 + 4820 + 4120 + 0200
SAMFLE STZES 10 ESTIMATOR: MME3 SEET
TRUE P¢ 2.000 TRUE Q! 2.000
MEAN MEAN SQUARE ST ERROR
~-.0018 » 1481 0172
-.0191 + 0731 L0121
-.3186 744579 +1213
~+4457 3.6577 0832
-4,8591 24,8113 + 0490
0.0000 0.0000 0.0000
CORRELATTION COEFFICIENTS:
1.000
“0219 1.000
-+917 + 344 1.000
~+402 + 806 601 1,000
.182 —0251 -, 228 -, 302 1.000
1.000
ITERATIONS FCON2 USED FCN4 USED DIVERGED
0.0000 0.0000 0.0000 0.0000
71

., .

''''''

LT L
.....
P -

# &

X

570 NEY
2 G353

+ 3945
3.8194
3.1636
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+ 3848
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2.7123
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SAMFLEF STZES 1o ESTIMATORE MME4 QFED s 2
TRUE FI 2,000 TRUE @3 2,000
MEAN MEAN SQUARE STH0 ERROR STO DEY
Q177 +1091 +0148 e 33299
=+ 0360 0555 +0104 2327
~-+3184 74579 +1213 2.7123
~+4457 3+8577 L0832 1.8598
-4,7901 24.0827 +0477 1.0668
0.0000 3.0000 0.0000 00000
CORRELATION COEFFTCIENTS?
1.000
s ’91 1 0000
~+ 9204 + 323 1,000
"'0387 0777 060]. 1 0000
0[5('\ '0218 -.196 '0253 1‘000
1.000
ITERATTIONS FCON2 USED FUCNg USED DIVERGED
0.0000 0.0000 0.0000 0,0000
SAMPLE SIZE! 10 ESTIMATOR: MMLE SEET #: 2
TRUE P 2.000 TRUE Q¢ 2.000
MEAN MEAN SQUARE ST ERROR STO OEY
+1164 + 3386 0255 +a701
-,2688 + 3390 +0231 e 5169
~.318646 74+4579 1213 2.7123
~+ 4457 3.8577 » 0832 1.8598
-3.,9503 18.0971 10708 1.5787
10917.4229862942924.04623 1219.6334 27271.8317
CORRELATION COEFFICTENTS:
1.000
-+455 1.000
~+431 £ 236 1.000
-+196 435 601 14000
+142 -,470 -,282 ~,356 1.000
. -+013 ,021 -,101 =-,128 -.080 1,000
:' ITERATIONS FCN2 USED' FCN4 USED DTVERGET
¢ S.4420 + 3640 00,0000 e 6380
i~
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SAMPLE STI7E:S 20 ESTIMATORL FID LM SEFT Wk i
TRUE P + 300 TRURE ¢: » G00

MEAN MEAN SQUARE 5T ERROR STn nEy

-.0238 L0038 0025 «0D5G9

L0211 .0028 0021 « 0480

0389 + 1363 0164 ¢ 3672

+ 0435 .0987 +0139 + 3112

-35.,1328 27.3535 + 0449 1.0040

+Q019 + Q000 » 0002 0036

CORRELATINN COEFFICIENTS:
1.000 .
+ 025 1.000
=726 267 1.000
~+274 697 657 1,000

- ~,059 f044 -.039 -,024 1,000
.E 0052 «103 ‘0198 ‘0098 02?5 1.000
» ITERATIONS FCN2 USED FCN4 USED  DIVERGED
Ei 6547940 0.+0000 + 6480 « 0340
N
~ SAMPLE SIZE$ 20 ESTIMATOR: MME1 SEED #3 1
! TRUE P +500  TRUE @3 500
5. ‘[; MEAN  MEAN SQUARE STO ERRORK ST DEY
B -.0262 L0255 «0071 S 1LETT
, 0172 0156 L0055 . 1238
- v1195 +8769 L0415 ., 9288
- «0832 03962 L0279 e B39
~-5,4728 31.3779 L0534 1.1942
. 0000 + 0000 . 0000 L0001

CORRELATION COEFFICIENTSS

1.000

-.084 1.000

—0948 + 1469 10000

"0335 0?06 0470 1‘000

~.189 179 157 179 1.000

‘0611 0270 0602 0372 0194 10000

ITERATIONS FCN2 USED FCN4 USED DTVERGET
4 5.4840 + 0360 + 0240 + 0020
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SAMPLE STZE: 20 ESTIMATORE MME2 SEED L
TRUE 2 » 300 TRUE Q3 ¢ 500

ME AN MEAN SQUARE ST ERROR ST Dy

~+0157 + Q057 «O033 20736

+O0135 + 0044 +0029 0649

+ 0673 + 3410 + 0259 » 3800

+ 0605 + 1753 .0185 4142

~5.4509 31.0091 + 0509 1.1387

+ 0000 + 0000 + 0000 +0000

CORRELATTION COEFFICIENTS:
1.000
-+156 1,000
'0925 0248 10000
=465 + 836 H21 1,000
~+174 172 + 123 <185 1.000
-.+434 + 301 R N-) 538 083 1.000

ITERATIONS FCN2 USED  FCN4 USED DIVERGED

3.6780 + 0060 » 0020 0.,0000
SAMFLE SIZF: 20 ESTIMATORS: MME3 SEED #:¢ 1
. TRUE Pt + 300 TRUE Qt + 3500

‘;""\

- MEAN MEAN SQUARE ST ERROR STH NEY

-.0109 + 0031 +0024 + 0542

+0093 +0021 +0020 0444

+ 0389 + 1363 0164 34672

+ 0435 + 0987 +Q139 3312

=-5.3085 29.5371 0521 1.14648

0.0000 0.,0000 0.0000 0.0000

CORRELATION COEFFICIENTSS

1.000

-+185 1.000

-.853 o324 1.000

—+405 787 637 1,000

~.116 128 ~-.021 -,002 1.000

1,000
ITERATIONS FCN2 USEDl FCN4 USED DIVERGEN

0. 0.0000 0.0000 0.0000 0.00M00
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SAMFILE

- g —

20 FETIMATARY MMES SEFT
TRUE Fi + 300 TRUE Q3 » 500
MEAN MEAN SQUARE STH EREOR
-.0128 +0024 0021
+0120 +0018 0018
+ 0389 + 1343 + 0164
+ 0435 + 0987 +0139
-5.2814 29.190% 0509
0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS?
1.000
_0152 10000
-.852 +298 1.000
=392 763 557 1,000
=~ 125 »138 ~-.008 004  1.000
1,000
ITERATIONS FCNZ2 USED FCN4 USED DTUERGED
0.,0000 0.0000 0.0000 00,0000
SAMFLE STZE: 20 ESTIMATOR: MMLE SEED
TRUE P2 + 300 TRUE Qt + 500
MEAN MEAN SQUARE ST ERROR
~+4106 23.8136 2175
=.4928 + 3543 Q149
0389 + 1353 0164
+ 0435 L0987 0139
_&.06763 800451 + 0420
21832.6118 1569.9964
CORRELATTON COEFFICTENTS?:
1.000
~.011 1.000
-.001 +446 1.000
+ 046 + 685 657 1,000
-.,119 -+ 630 “0637 ~-o772 1.000
-+111 + 295 » 208 295 —-,368 1.000
ITERATIONS FCN2 USEFDIN FCN4 USED DIVERGED
1,3280 + 0280 0.0000 + 9780

H

39

ST nEY
D475

+ 0402

+ 3672
3112
1.1390
0.0000

STD DEV

4,8826

+ 3337

e 3672
£3112
9394
106.1868
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SAMFLE STZE! 20 ESTIMATORS FULLM SEED #: 2
TRUE F3 » 300 TRUE @3 ¢ 500

ME AN MEAN SQUARE STH ERROR STD DEY
-.0278 + Q042 20026 + 03589
0241 +0032 0023 0514
+ 0857 » 2088 s 0202 4522
+0671 + 1855 +0190 4254
-3.2248 28.3358 0456 1.0188
+ 0018 + 0000 +Q002 0038

CORRELATION COEFFICIENTSS
1.000
-+ 185 10000
~+ 765 +478  1.000
-, 475 e 755 819 1.000
~. 070 029 ~.032 ~.030 1.000
+ 060 <014 -,191 -+ 1540 e 244 L+G00

ITERATTONS FCN2 USED FCN4 USED HIVERGED
5.4860 0.0000 + 6080 + 0360

SAMPLE STZE!: 20 ESTIMATOR: MMFi SEEDN #3
TRUE F2 + 500 TRUE Q32 + 500

3

MEAN MEAN SQUARE SThH ERROR STh DEV
-.0162 0136 + 00352 + 1153
0194 +0110 0046 <1032
+ 1022 + 7474 0384 » 8526
+ 0260 + 4340 +0291 463518
-5.5459 32.0869 L0516 1+1530
. 0001 + 0000 » 0000 + Q004

CORRELATION COEFFTCIENTS?

1.000

~-+197 1.000

=+ 953 317 1.000

—eh62 +893 608 1,000

‘0154 0207 0122 clé? ]0000

;i

: ~,501  .220  ,367  .245  ,114 1,000
o ITERATIONS FCN2 USED FCN4 USED  DTVERGED
re; 5.1040 10260 10220 0.0000
ﬁ:
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e SAMPLE SI7E! 20 ESTIHATORS MMF2 SEFL i 2
S TRUE F3 CHOO TRUE Q3 500
£ MEAN  MEAN SGQUARE ST ERROR STH OEY
.- ~.0146 L0081 » 0040 » 0886
N L0153 0034 <0025 0562
e . 0807 . 4922 f0312 V6949
Fo L0714 .2126 « 0204 4556
- ~-5.5241 31,7455 « 0494 1.1091

. +0000 . 0000 + 0000 » 0000
ol CORRELATION COEFFICIENTS?
A 1.000
- -.264 1,000
- ~-.944 «392  1.000
{ = 509 W887  L877  1.000
O ~-.131 198 « 095 .138  1.000
4 — . 845 . 202 . 628 e 357 c065 1,000
o ITERATIONS FCN2 USED FCN4 USED  DIVERGED
s 3.7380 + 0060 + 0040 00000
o SAMFLE SIZES 20  ESTIMATOR: MME3 SEEN #3 2
e ' TRUE F3: LH500 TRUE (¢ +500
{. Ci? MEAN  MEAN SQUARE ST ERROR STH DEV
o~ -,+0110 , 0034 + 0024 20572
e .0128 .0028 0023 L0517
o 20671 . 1855 »0190 P 4254
J;; -5,3826 30,3372 L0522 1,1681

0.0000 0.0000 0.0000 0. 0000
CORRELATION COEFFTCIENTS:
1.000
-.417 1.000
-.868 601 1,000
o -.582 .858 «81%9 1.000
- -.091 105 -.018 -,003 1.000
1.000
o ITERATIONS FCN2 USED FCN4 USEDN  DIVERGED
58 0.0000 0.0000 0.0000 0.+0000
| T |
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SAaMPLE STIZES 20 EOSTTHATOR L 41 4 oo ’
TRUE P2 + 300 TRIE Q° NETOIY!
MEF AN MEAN SQUARE STt ErsOR STLC ory
-. 0132 Q027 0022 0498
«0149 +0023 + 0020 + 0454
+ 0657 + 2088 + 0202 + 4522
+ 0671 + 1855 +0190 e 4254
~5.3476 29.8584 + 0302 L1233
0.0000 0.0000 0.0000 D.0000
CORRELATION COEFFICIENTS:
1.000 .
~e376 1.000
-.861 +579  1.000
"0560 0851 0819 10000
-+107 «119  -.003 +011  1.000
1.000
ITERATIONS FOCN2 USEDR FULN4 USEN DIVERGED
0.0000 0.0000 0.0000 0,0000
SAMFLE SIZE: 20 ESTIMATOR: MMLE SEED #¢ 2
TRUE P? + 300 TRUE Q¢ + 500
MEAN MEAN SQUARE ST ERROR STO nNEY
-+.1855 6.0348 + 10935 2.4495
-, 35038 + 3749 10156 « 3480
+ 08657 » 2088 » 0202 + 4522
+ 0671 + 1855 0190 c 4254
~2.6947 8.2702 + 0449 1.,0044
20088.0592 1350.7309 34675.3961
CORRELATION COEFFICIENTS:
1.000
"‘0087 10000
010 +475  1.000
022 619 +819 1,000
=099 -=.6%91 -.3579 =~,658 1.000
~+151 + 335 + 154 + 239 -.407 1.000
ITERATIONS FCN2 USETl FCN4 USED DIVERGED
1.6860 + 0460 00,0000 + 9600




]

e ... > '.‘ '.E - .f_.',.-.;.-',. ..‘;‘ I
.'...‘. g .',l'..‘, ECII }

SAaMFLE SIZES

20 ESTIMATORE FULLM SEET ¢

TRUE P: + 300 TRUE @Q: 1.000
ME AN MEAN SQUARE ST ERROR
+ Q075 +0351 +0084
0596 + 1883 0192
+ 1283 + 7428 + 0430
=5.1526 27.7626 + 0493
+QO027 «0003 +0007
CORRELATION COEFFICIENTS!
1.000
“e 102 1.000
-.823 +281  1.000
=+ 386 + 739 +B833 1,000
=126 ~.093 ~-.015 ~-.044 1.000
026 1631 + 006 + 362 022 1.000
ITERATIONS FON2 USED FCON4 USED DNIVERGED
3.1300 0.0000 + 3500 + 0450
SAMFLE STZE: 20 ESTIMATOR: - MMF1 SEED
TRUE F2 + 300 TRUE Q@ 1.000
MEAN MEAN SQUARE. STU ERROR
-.0096 + 0060 + 0034
1646 + 1649 +0166
»1109 G376 +0324
+ 55337 3.8276 + 0825
-3.4101 30.46253 » 0521
0010 0000 + 0002
CNORRELATION COEFFICIENTS!
1.000
-.095% 1,000
-+ 904 0329 1 0000
-+ 236 + 906 +317  1.000
-+173 . 028 142 090 1,000
-.038 +193 052 1146 +180 1,000
ITERATIONS FCN2 USEIl FCN4 USED DIVERGED
21.4620 + 3040 » 2900 + 0360
79

STH DEV
+ 0400
«1872
+ 4301
e P625

1.1017
+0157

ST DEV
10769
3712
7247

1.84490
1.1644
+Q041
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] SAMPLE SIZES 20  ESTIMATORS MMER  SEFD # 1
- TRUE F3 (500 TRUE @ 1.000
i!' MEAN  MEAN SQUARE STI ERKOR STI' DEY
o -.0109 0040 ,0028 L0623
P 1951 3358 L0244 5457
[ .9048 7.0645 1118 2,4992 7
i ~5.4613 31.1536 L0515 1.1522 |
F +0001 +0000 0000 0004
[ CORRELATION COEFFICIENTS:
L 1.000
o ~.051  1.000
o -.929  ,212  1.000
_ -.202 911 .424 1,000
= -,197  .188 196 ,225 1.000
R -.400  ,048  .335 L0753  ,075 1.000
o ITERATIONS FCN2 USEL FCN4 USEDn  DIVERGED
*ﬁa 9.1860 0920 + 0580 0.0000
3
- SAMPLE SIZE: 20 ESTIMATORS MME3  SEED #: 1
= TRUE P ,500  TRUE Q¢  1.000
T MEAN  MEAN SGUARE 8T ERROR STI DEY
- ~.0080 10014 10017 L0372
o 0432 L0516 0100 . 2229
- 0596 .1885 10192 4301
3 .1283 9428 L0430 9625
~5,2792 29,3794 + 0549 1.2285
0.0000 0.0000 040000 0.0000
CARRELATION COEFFICIENTS!
1+000
-.166 1,000
-0880 0344 10000
-.411  ,832 653 1,000
-+ 207 ~+069 0095 =051 1.000
1.000
ITERATTONS FCN2 USED FCN4 USED  DIVERGED
0.0000 0.0000 0.0000 0,0000
80
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o SAMPLE SIZE: 20 ESTIMATORS MME4 SEED ¢ 1

;fv g TRUE F3 .500 TRUE Q3 1,000

j’ MEAN MEAN SQUARE ST ERROR STo NEV
N -,0083 0011 v 0014 , 0323
s 0321 0372 . 0085 .1903
AN 0596 ., 1885 0192 «4301
:‘.'.' +1283 + 2428 + 0430 e D625
e ~5.2419 28,9400 0541 1.2095
.l 0.0000 00,0000 0.0000 0.,0000

)
o
3
4

|
i
:

CORRELATION COEFFICIENTS?

1.000

~.145 1.000

-,882 + 323 1.000

~+402 799 +653  1.000

-+208 -,052 1092 ~-4027 1,000

A

1.000

TTERATIONS FCN2 USEDl FON4 USED DIVERGED

0.0000 0.0000 0.0000 0.0000
SAMPLE STIZE: 20 ESTIMATOR: MMLE SEED #1 1
TRUE F? + 500 TRUE Q¢ 1.000

MEAN MEAN SQUARE STh ERROR STO DEV

~-+1446 17.3369 + 1861 4,1612

~ 2254 +1996 0172 « 3857

+ 0596 . 1885 +0192 + 4301

+1283 «7428 +0430 «PE2T

~3.7172 15.6440 + 0604 1.3515
31422.5327 1820.9039 40716.6484

CORRELATION COEFFICIENTS?
1.000
-.022 1,000
+017 +434 1.000
+ 021 » 728 653 1,000
=078 ~.717 =,3463 —.477 1.000
"0078 0347 0030 + 140 ‘0453 1.G00

ITERATIONS FCN2 USEDN FCN4 USED DIVERGED

2.1360 + 0900 00,0000 +92140
81
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P
o L SAMFLE STZES 20 FESTIMATORE FULLM SEED 4 2
R TRUE F3 LB00  TRUE @f 1,000
L HE AN MEAN SQUARE 8TH ERROR STH DEV
-~ 0192 +O017 L0016 « O33R0
+01354 + 0990 +0141 «3143
0612 « 4032 L0283 8320
. « 3085 32.9894 ¢ 2565 5.7354
-5.1930 28.2892 +0514 1.1499

0025 +0000 +0003 0058

- CORRELATION COEFFICIENTS:
L 1.000
e -y 276 1.000
- 596 832 1,000
f. ‘0305 0923 0886 10000

Ei' -,+104 + 020 L0010 0683 1.000

- +176 0386 ~.138 =.033 2203 1.000

A ITERATIONS FCN2 USEDN FCN4 USED OIVERGED
d S5.+3340 0.,0000 + 3680 10760

SAMPLE STZE: 20 ESTIMATORS MMEL SEEU #3 2
TRUE F3 500 TRUE Q3 1.000

N MEAN MEAN SQUARE 8T ERROR ST nDEV

N -,0032 + 0007 + 0012 + 0260
-;i 1764 + 1860 0176 + 3930
. +0941 + 2023 0197 + 4398

6735 3.7441 0811 1.8140
~3.4562 31,1534 L0526 1.1761
+ 0007 + 0000 <0001 +0024

oAt CORRELLATION COEFFICIENTS?

. 1.000

-.338 1.000

“0841 0551 10000

‘0516 0924 0753 1'000

ot -e 152 -+.039 «073 025 1.000

\j + 0350 159 -.041 + 090 + 210 1.000

S5 ITERATIONS FCN2 USED FCN4 USFD'  DITVERGED
i 20.3400 +» 3000 » 2520 0240

e '-“‘.'J
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s SAMFLE STITE 20 ESTIMATORS ME?D BEFT 4t i’
o TRUE F: 2 500 TRUE @3 1,000
i] MIEAN MEAN SQUARE ST ERROR STH nEY
» -, 0054 L0005 0009 SO
o 1703 3117 L0238 5317
- + 0863 v 1548 0173 + 3865
- 71464 5.6113 1010 2.258%5
-5.5259 31.9064 0524 1.1706
+ 0000 + 0000 0000 0000
CORRELATION COEFFICIENTS!
1.000
e 162 1 ’000
~.861 + 340 1,000
. ~.299 957 +506 1,000
. -.148 114 115 131 1,000
x -+331 ~,087 + 376  ~,040 -,057 1,000
N ITERATIONS FCN2 USED' FCON4 USED HIVERGED
ki 7.9420 +0780 « 0480 0.0000
r:.
. SAMPLE SIZE: 20 ESTIMATOR: MMEZ SEED #: 2
TRUE P «500 TRUE Q¢ 1.000
v MEAN MEAN SQUARE STH ERKOR STH LEV
-.0063 + 0009 0013 0287
. 0498 + 1480 0182 4069
0612 «4032 0283 + 6320
. 3085 32.9894 <2565 57354
~5.2775 29,3751 0552 1.2340
0.0000 0.0000 0.0000 0.0000
CORRELATINN COEFFICIENTS:
1.000
~+627 1.000
-.870 +837  1.000
"0648 0923 0886 1. .000
-.213 +014 . 085 057 1.000
1.000
ITERATIONS FCN2 USED FCN4 USED DTVERGED
0.0000 0.0000 0.0000 0.0000
83
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R SAMIFLE ST7E! 20  ESTIMATOR MME4 SEET i 2
2 TRUE F3 L300 TRUE Q3 1,000
MEAN  MEAN SQUARE 8TO ERRKOR STO DEY
-, 0067 L0006 L0011 L0242
. 0386 . 1253 L0157 (3519
L0612 v 4032 . 0283 6320
. 3085 32.9894 2565 5, 7354
~5,2489 29,0237 L0543 1.2136
0.0000 0.0000 0.0000 0.0000
CORRELATTON COEFFICIENTSS
1,000
-.557 1,000
-.832  .831 1.000
-.579 .92 .886 1.000
~e201 L0029  ,082  ,0464 1.000
1,000
ITERATIONS FCN2 USED FCN4 USED  UTVERGED
0.0000 0.,0000 0.,0000 0.0000
SAMFLE SIZE: 20 ESTIMATOR!: MMLE SEED #3 2
‘ TRUE Pt «500 TRUE Q:  1.000
\s. MEAN  MEAN SQUARE STh ERROR STO DEY
-, 0932 3.0287 L0777 1.7378
-.2142 v 2443 L0199 4445
L0612 L4032 . 0283 6320
. 3085 2,9894 2545 5,7354
-3.,4829 15,4877 «0620 1.3870
34277.0325 1890, 4544 422763165
CORRELATION COEFFICTENTSS
1,000
-.002 1,000
017,755 1,000
: 2002  ,707 .88& 1.000
o =110 =.593 -,225 ~,056 1.000
L= -.086  .258 L0018 =,015 =-.402 1.000
- ITERATIONS FCN2 USED FCN4 USED DTVERGED
o 2.0820 . 0840 0.0000 L9260
>
84
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SAMPILLE SI7ZF:

20 ESTIMATOR S FUL LM
Q: 2,000

TRUE F! + 300 TRUE
MEAN MEAN SQAUARE
- 0073 +0006
—.1244 0977
_00445 01594
~.3738 2.9449
-4,8838 25.0423
+»0033 + 0001
CORRELATION COEFFICTENTS?
1.000
-.187 1,000
-.841 + 339 1.000
-.432 + 731 +704 1.000
-.087 -.133 ~-.11t1 ~,106
176 +136 -.2186 -,031
ITERATIONS FON2 USEDR FCN4
4.92080 0.0000

SAMFLE STZE:

TRUE P2 + 300 TRUE Q3

MEAN MEAN SRUARE

~+0001 + 0000

0445 +2011

-.0753 +0746

-.0387 3.6830

‘500910 2705542

+ 0030 « 0000
CORRELATION COEFFICIENTS!

1.000
=+230 1.000
-: 658 0465 1.000

-+453 + 842 754  1.000

-+024 -0217 -+ 273 *0237

111 093 —-,287 ~-,124

ITERATIONS FCNZ2 USEDIN FCN4

42,8940 + 7100

20 ESTIMATOR: MME]

5T ERROR
+0011
+0128
0177
0749
. 0488
+0003

1.000
+ 320 1,000
USETD ODTVERGFI
+ 6240 + 1000
SEED

2,000

ST ERROR
+ 0003
+ Q200
+0117
» 0858
Q572
+ 0002

1.000
+ 334 1.000
USED NIVERGET
26620 + 1340

SEED 4k ¢

ST DEY
V0235
2867
+ 3968

1.6749
1,0914
10074

STDO DEV
+0061

+ 84462
2625
1.9187
1.2791
+0053




EE At A A At e AR R AR St o At hd DAL S it AN g NS R S S
SAaMPLE STZES 20 ESTIMATORS MMER SEED ¢ 1
TRUE 3 e 900 TRUE Q3 2,000
ME AN MEAN SQUARE STH ERROR STO [EW
-+ 0033 + 0002 L0086 +0O1L42
+ 53931 1.3963 + 0457 1.0220
+ 0845 +« 1502 + 0169 « 3782
2.,6105 22,6746 +1781 3.9824
-5.4676 31,1032 + 0492 1.,0993
+0001 + 0000 + 0000 + 00035
CORRELATION COEFFICTIENTS!?
1.000
~-,033 1,000
-+8468 e212  1.000
-.216 + 901 +470 1,000
-.194 -,174 «111  ~.082 1.000
+026 +088 ~,070 +019 +123  1.000
ITERATTIONS FCN2 USED FCN4 USED DIVERGEXD
23,0400 + 4200 + 3120 + 0020
SaMPLE STZE?: 20 ESTIMATOR: MME3 SEED 43 1
TRUE P! + 300 TRUE @3 2,000
MEAN MEAN SQUARE STDh ERROR ST OEVY
-+0027 + 0004 + Q009 + 0205
-.0156 1677 .0183 « 4092
~+3738 2.9449 + 0749 1.6749
-4,9935 26,4094 + 0543 1.2143
0.0000 0.0000 0.0000 00000
CORRELATION COEFFTICIENTS!
1.000
=229 1,000
-,881 e 323 1.000
-+ 549 e 753 +704 1,000
-214 -,069 +054  ~.040 1,000
1,000
ITERATIONS FCN2 USEDR'' FCN4 USELD DTVERGETD
00,0000 0.0000 00,0000 0.0000
836
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SAMFLE SIZE: 20 ESTIMATORS MMIF4 GEFD H# i
TRUE F3 » 500 TRUE Q3 2,000
ME AN MEAN SGQUARE S5Th ERROK ST GEW
-.0027 + 0003 » 0008 L0174
~e Q3552 + 1256 +O157 « 3501
=.0445 v 1594 0177 + 39468
-+3738 2.9449 0749 1.6749
-35+0137 26,6831 + 03556 1.2433
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS?
1.000
e 224 1. . 000
-+542 +738 + 704 1,000
~+193 -.084 018 —.063  1.000
1.000
ITERATIONS FCN2 USED  FCN4 USED DIVERGET
02,0000 0.0000 0.0000 20,0000
SAMPLE ST7E: 20 ESTIMATOR: MMLE SEED #¢ ]
TRU™ =3 + 300 TRUE Q¢ 2.000
MEAN MEAN SQUARE S5Th ERROR STt pEY
0297 + Q785 + 0123 2750
-+1896 + 2043 +0183 <4102
~+044% + 1594 +OL77 + 3948
~-.3738 2.9449 Q749 1.56749
~3.7504 15.8421 +0598 13330
43889.7862 1967 ,1945 43937 .8032
CORRELATION COEFFICIENTS:
1.000
o 038 .!. » 000
“‘0073 o367 1 0000
-.,048 +718 + 704 1,000
+086 -850 —-,253 ~,393 1.000
078 + 395 017 +147  -,300 1.000
ITERATIONS FCN2 USEDl' FCN4 USED HIVERGED
1.9980 + 0560 0.0000 9520
87
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N HAMPLE STTES 20 SETIMATOR D Fill LM SERT F 2
TRUE B3 ¢ 200 TRUE @ D000
M AN MEAN SQUARE STH ERREGR ST T
-.0078 0004 LO0LE <QIB2
-.0481 0974 +0138 3084
-.4082 3.1141 +07468 1,7168
-4.,9129 25.5037 $0E23 1.1692
+ 0044 + 0001 + 0004 0098
CORRELATION COEFFICIFNTSS
1.000
=101 1.000
=+ 732 294 1.000
~+368 714 706 1.000
»004  —-.,033 -.248 ~.151 1.000
<129 239 —,199 Qb7 <264 1,000
ITERA,VTONS FON2 USED FUN4 USED DEVERGETD
9.1260 0.0000 + 5960 + 1360
SAMFLE SIZE? 20 ESTIMATOR: MMEL SEED #: 2
. TRUE F3 + 500 TRUE Q¢ 2.000
6;; MEAN MEAN SQUARE ST ERROR STU ey
-+.0007 0001 +Q00%G «0108
461 + 1732 +0185 + 4137
-+0493 + 1070 0145 3234
-.0183 3.,5244 «08490 1.8773
-5.1588 28.3293 L0386 1.3099
+0030 + Q000 + 0003 0057
CORRELATION COEFFTCIENTS:
1,000
=212 1,000
-+786 +404 1,000
- =464 811 « 734  1.000
-+ 112 -+ 107 -+ 136 =-+153 1.000
'f' 076 L0352 -.259  -,160 + 292 1.000
h .
L TTERATTONS FCN2 USETU  FCN4 USED INTVERGED
i. 42,2360 6980 + 5350 « 1380
.
[f.
-
[.
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SAMPLE STZE:

. 20 ESTTHMATORS MMER SEETD
PO TRUE P + 500 TRUE @3 2,000
h Y
MEAN MEAN SQUARE STh ERROR
=-.0023 + 0001 +0003
+4903 1.1993 + 0438
+ 0671 + 0844 0126
2.,0920 18.3032 +14669
-5.4515 31.0662 + 0498
+0001 +0000 +0000
CORRELATION COEFFICIENTS?
1.000
"0072 1 .000
~+s766 +285 1.000
"0276 0890 0545 1 0000
=.155 ~,060 035 -.0388 1.000
+ Q27 + 265 -+ 060 119 +006 1.000
ITERATIONS FCN2 USED FCN4 USFI DIVERGED
20.8700 + 3400 2320 + 0020
SAMPLE STZE: 20 ESTIMATOR: MME3
. TRUE P3 + 500 TRUE Q@ 2.000
ﬁ MEAN MFAN SQUARE ST ERROR
=+0015 0001 + 0004
~+0155 +1749 +0187
-.0481 +0974 .0138
-4,9077 253439365 + 0539
00,0000 0.0000 0.0000
CORRELATION COEFFICTENTS!
1,000
-+241 1.000
-.814 +289 1,000
=eS77 + 725 « 706  1.000
-+209 -.001 -.011 -,037 1.000
1.000
ITERATIONS FCN2 USEDL FCN4 USED DTVERGED
0.0000 0.0000 0.,0000 0.0000

.l.‘I
I'}"’

‘;"ﬁ-'\-. .‘$.:\.‘_.-;_.-'.‘<‘~( _’1 -

Y 5
)

e,

........

89

SEED #¢

STH DEV
+ Q073
e 9793
+ 2827
3+7319
1.1126
+ 0009

STh DEV
+ Q099
4179
+ 3084

1.7168
1.2046
0.0000
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SAMPLE SIZE! 20  ESTIMATOR: MME4
AN TRUE P! <500  TRUE Q: 2.0
MEAN  MEAN SQUARE ST
-.0017 + 0001
-.0538 +1299
-.0481 +0974
~.4082 3.3141
~4,9433 25,9418
0.0000 0.,0000
CORRELATION COEFFICIENTS?
1,000
"'0204 10000
-+820 .275 1.000
-e536 711,706 1.000
-+168 ~.,026 -.,065 -,076 1.000
ITERATIONS FCN2 USEDl FCN4 USED
0.0000 0.0000 0.0000
SAMPLE SIZE: 20 ESTIMATOR: MMLE
TRUE P: +500 TRUE Q! 2.0
‘E? MEAN  MEAN SQUARE STD
.0183 + 3045
-,2020 «2301
-.0481 + 0974
-,4082 3.1141
~3,6242 14.8866
41287,0150 191
CORRELATION COEFFICIENTS!
1,000
-.238 1.000
-+004  ,370 1.000
-0003 0657 0706 1 0000
"6001 ""0627 "‘0397 -+418 1.000
-.010  .347 ,144  ,125 -,503

ITERATIONS FCN2 USED FCN4 USED
1.7660 + 0480 0.0000

0y

20

SFFD 44 2
00
ERROR STh nev
+ 0004 + 0088
+0159 + 3564
+0138 + 3084
+0768 1.,7168
+ 0549 1.2270
0.0000 0.0000
1,000
DTVERGED
0.0000
SEELD #: 2
00
ERROR STD DEV
+0247 + 5515
«0195 +43051
+ 0138 + 3084
+ 0768 1,7168
+ 0592 1.3236
8.4298 42897.3948
1,000
DNTVERGER
+ 9940




............
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SAMFLE SIZE: 20 ESTIMATOR: FULLM SFED ¢ 1
At TRUE P2 1.000 TRUE Q3 1.000

{ MEAN MEAN SQUARE STl ERROR ST ey
- ~.0347 + 0477 + 0096 2156
0154 +0105 + 0045 +1014
+ 1568 1.1819 + 0481 1.,0758
+ 1269 1.,0490 « 0455 1.0163
~5.4349 31.0255 + 0545 1.2197
. «0035 0014 «0016 + 0367
I-
o CORRELATION COEFFICIENTS?
= 1.000 . .
- -+036 1.000
. =715 3926 1,000
. -+177 777 +&79  1.000
e -.116 -+029 + Q67 0012 1.000
N ~.813 +003 ~.032 1.,000
hY
> ITERATIONS FCN2 USEDNl FCN4 USED DIVERGED
' 5.2300 0.,0000 + 0300
SAMPLE STZE:! ESTIMATORS SEED 1
TRUE P TRUE Q@ 1.000
MEAN MEAN SQUARE ERROR STh LEV
-.1219 +1168 +0143 + 3193
+1329 +1240 +0146 + 3261
+ 9154 5.9807 +1014 2.2678
« 9984 69690 + 1093 2.4438
~3.4948 31.5701 + 0521 1.1641
« 0004 +0000 + 0001 +0021

CORRELATION COEFFICIENTS:

1.000

-.045 1,000

=+9215 253 1,000

-.218 +918 +482 1,000
- -.196 + 209 «177 +186 1,000
: -.184 +116 +143 + 106 +202 1,000

IR

-, ITERATIONS FCN2 USED FCN4 USED DIVERGED
N 18.41460 + 2400 « 2100 +0140
| o

A

- e

. 91




SAMPLE STZE!? 20 ESTIMATOR: MME2 SEELIt #¢
TRUE P 1.000 TRUE Q¢ 1.000
ME AN MEAN SQUARE STD ERROR
-.0682 « 0660 «0111
+ 0530 +0399 0086
¢ D494 3.8385 + 0841
+ 4489 2.9264 + 0736
~5¢5735 32.4801 « 0532
+0002 + 0000 0001
CORRELATION COEFFICTENTS!
1.000
-.130 1.000
-+.904 +300 1.000
~.323 +874 570 1.000
-.208 0157 0201 +173 1.000
‘0366 0023 0309 0054 0094 1 + 000
ITERATIONS FCN2 USED FCN4 USED DTVERGETD
7. 6480 + 0660 «0400 + 0020
SAMPLE SIZE? 20 ESTIMATOR: MME3 SEED #:
TRUE P? 1.000 TRUE Q¢ 1.000
MEAN MEAN SQUARE STO ERROR
"‘o0369 00428 00091
+ 0265 0160 + 00355
+ 1568 1.1819 0481
+ 1269 1.0490 +0455
~5.5422 32,2943 +0562
00,0000 0.0000 0.0000
CORRELATION COEFFICIENTS:
1.000
-.176 1.000
-.,838 +470 1.000
“0297 + 8464 0679 1 0000
-.054 -+080 -+041] -+120 1.000
1.000
ITERATIONS FCN2 USED FCN4 USED DIVERGE
0.0000 0.0000 0.0000 0.0000
92

STD DEV
2476
1927
1.8806
1.6452
1.1901

+0019

STh LEV
+ 2035

. 1238
1.0758
1.0163
1.2564
0.0000




....................
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SAMPLE SITE: 20 ESTIMATOR: MME4 SFED @t 1
TRUE ¢ 1+000 TRUE @3 1.000

ME AN MEAN SQUARE 8Tn ERROR STH DEV
-.0298 + 0306 0077 +1724
+ 0210 + 0120 +0048 + 1075
+ 1568 1.1819 0481 1.0758
v 1269 1.0490 + 0455 1.0163
~3.4518 31.2843 0559 1.2499
0.0000 0.0000 0.0000 0.0000

CORRELATION COEFFTCIENTS?
1,000
e 154 1.000
-.830 + 444 1,000
~.289 838 +679  1.000
=-.095 ~,030 +026 4035 1.000
1.000

ITERATIONS FCN2 USED FCON4 USED [TVERGED
0.0000 00,0000 0.0000 0.0000

SAMPLE SIZE: 20 ESTIMATOR: MMIE SEED #: 1
TRUE F¢ 1.000 TRUE Q¢ 1.000

MEAN MEAN SQUARE STDh ERROR ST DEV
=+0713 1+.1953 + 0488 1.0910
-+1913 +1006 0113 + 2529

+ 13568 1.1819 +0481 1.07%8
1269 1.0490 + 0455 1.0163
~-4,34622 21,3271 + 0678 1.51461
28004.4527 1738.0204 38863.3171

CORRELATION COEFFICIENTS!
1.000
+091 1.000
-+075 469 1.000
+013 + 706 679 1,000
~e135 =-,763 -.254 -,305 1.000
-+002 +028 ~.139 -=.166 =-.128 1.000

ITERATIONS FCN2 USEDNl FCN4 USED DTVERGED
4,9640 ¢ 2920 0.,0000 ¢ 7200
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.
i: . SAMPLE STZE: 20 ESTIMATOR: FULLHM SEED #¢ 2
X _:'. TRUE F3 1,000 TRUE Q3 1+000
f: MEAN MEAN SQUARF STDO FRROR STH NEY
‘-: "00182 00126 + 0049 +1106
o « 0220 +0152 +0054 1214
os +1359 1.0922 + 0463 1.0342
o +1489 1.2005 . 0485 1.0855
; -5.4383 30.98647 + 0531 1.18890
- + 0045 +0016 +0018 + 0400
o
x CARRELATION COEFFICIENTS:
~ =-:299 1.000
=797 +571 1.000
- -+508 +873 +798 1,000
L. 0023 "o027 "o030 “'0031 10000
» :: -+338 + 335 s 474 + 448 +043 1.000
ITERATIONS FCN2 USEXD FCN4 USED LIVERGED
5.4680 0.0000 + 4780 + 0460
%
\‘
- SAMPLE STZE: 20 ESTIMATOR: MME1 SEED #¢ 2
“ - TRUE P! 1.000 TRUE Q¢ 1,000
%. ; MEAN MEAN SQUARE STh ERROR STh DEV
- + 1353 +1300 «0149 + 3343
.ﬁ 1.0458 6+9633 +1083 2.4227
< 1.0345 7.1689 +1104 2,4695
~-5.5429 32.1327 + 0531 1.1870
: + 0003 + 0000 + 0001 +0014
-~
N CORRELATION COEFFICIENTS?
- 1,000
N -,108 1.000
-.921 + 299 1.000
j': -.292 927 933 1.000
-:: ~+161 «123 +142 + 097 1.000
: =219 284 + 282 317 +047 1.000
: ITERATIONS FCN2 USEDN FCN4 USEID HIVERGED
.J‘
’
LI
.. ._:_:-’
A
2
S
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SAMFLFE

. STZE: 20 ESTIMATORS: MMEZR SEED
éﬁ} TRUE Pt 1.000 TRUE Q3 1.000
ME AN MEAN SQUARE STt ERROR
‘00603 00537 +0100
+O515 + 0347 + 0080
+ 3558 3.9085 + 0848
+ 446469 3.0423 + 0752
-5.8194 33,0594 + 0544
+0001 + 0000 + 0000
CORRELATION COEFFICIENTS:
1.000
"0241 10000
‘0912 0416 10000
"0429 0910 0650 10000
—0134 0084 0147 0103 10000
"0291 0167 0387 0280 0036 10000
ITERATIONS FCN2 USED FOCN4 USED DTVERGF
7+.9640 + 0700 + 0400 0.0000
SAMFLE SIZE? 20 ESTIMATOR! MME3 SEED
TRUE P 1.000 TRUE Q¢ 1.000
@ MEAN MEAN SQUARE STDh ERROR
-.0223 10166 + Q057
+ 0315 + 0210 + 0063
«1359 1.0922 + 0463
+ 1489 1.2005 + 0485
~3.5397 32,2009 + 0550
0.0000 0.0000 0.0000
CORRELATION CORFFICIENTS:
1.000
-.385 1.000
"0841 0555 1.000
-+ 396 +884 +798 1,000
162 ~+148 -+165 ~e174 1.000
1.000
ITERATIONS FCN2 USED' FCN4 USED DIVERGED
0.0000 00,0000 0.0000 0.0000
";':.
?5

s

L 2

- ool smd sak g
T T B e R T

3

STO [EY
+ 2237
«1790
1.8973
1.6806
1.,2170

+ 0004

r3

STO DEVY
+12648
+1415

1.0362
1,0855
1.2298
0.0000




SaMPLE STZE: 20 ESTIMATOR! MME4 SEEL k¢ 2
TRUE F3 1.000 TRUE @ 1.000
\
MEAN MEAN SQUARE ST ERROR STH nEy
-.0167 0125 » 0049 1106
0256 +0157 +Q055 1229
+1359 1.0922 « 04483 1.0362
+1489 1,200%5 + 0485 1.0855
-5.4371 31.0041 + 0537 1.2008
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS:
1.000 °
—0350 10000

-.811 335 1.000
-e529 + 864 798 1.000
0095 -+ Q79 -.0835 -0093 1.000
1.000

ITERATIONS FCN2 USEDN FCN4 USED DNIVERGEN
0.0000 0.0000 00,0000 0.0000

SAMPLE SIZE: 20 ESTIMATOR: MMLE SEED #:
TRUE P: 1.000 TRUE Q3 1.000

V]

MEAN MEAN SQUARF ST ERRODR ST DEV

~+, 0068 e 3662 <0271 +6051

+ 1359 1.0922 + 0463 1.0362

+ 1489 1.2005 + 0485 1.0855
-4,2849 20,5386 + 0660 1+4760
24256.0830 1644,8470 36779.8976

CORRELATION COEFFICTENTS?
1.000
-.144 1.000
"'0089 052] 1 0000
-.043 1566 +798 1.000
-0073 "0710 -0330 —0341 ]0000
-0064 0017 _0145 -0187 "0158 10000

ITERATIONS FCN2 USEDN FCN4 USED DNTVERGED
4,7960 «3140 0.0000 v 7160
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SAMFLE STZE: 290 ESTIMATORS FULLM SEED %3¢ 1
TRUE F: 1,000 TRUE Q3 2.000
MEAN MEAN SQUARE ST ERROR STH DEV
-+0109 Q042 » 0029 +0641
+ 0404 1.3558 + 0520 1.1637
+ 03990 1.0488 + 04462 1.0331
6198 85,3886 +4123 ?.2198
-5.3458 30.08485 + 0549 1.2283
+ 0052 + 0007 +0012 + 0268
CORRELATION COEFFICIENTS:
1,000
=-.117 1,000
-, 806 +218 1,000
-e212 976 +361  1.000
0050 —0030 -.089 =+030 1 + 000
0093 0038 -0106 -0001 0224 10000
ITERATIONS FCN2 USED' FCN4 USED DNIVERGED
44,5700 0.,0000 « 4940 + 1400
SAMPLE SIZE: 20 ESTIMATORS MME1 SEED #¢ 1
TRUE P! 1,000 TRUE Q¢ 2.000
MEAN MEAN SQUARF STO ERROR STh TEV
~+0169 + 0076 + 0038 + 0854
+ 3020 + 3350 .0221 +4937
« 2379 1.1448 + 04467 1.0432
1.5669 10.4551 s 1265 2.8284
~5.5454 32.1465 + 0528 1.1813
0018 + 0000 + 0002 + 0055
CORRELATION COEFFICIENTS:
1,000
-+s062 1,000
—0860 0279 1.000
—+274 +8BA4 +585 1,000
-.094 -,132 037 -,096 1.000
+056 +126 -,083 015 +135  1.000
ITERATIONS FCN2 USEDI' FCN4 USED DTIVERGED
35,0200 + 3720 + 3020 + 0800
97
O R R L
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Bl
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B

SAMPPLE STZER

20 ESTIMATORS
TRUE @}

1,000

MEAN SQUARE
0078

« 2990
2.0031
12.5278
32.5717

+ 0000

CORRELATION COFFFICTENTS:

TRUE F23

MEAN
-+ 0266
+1852
e 3737
1.417S
-5.3884
+0001

1.000
—9119 10000
‘0926 0228
=376 .882
“'0145 "0028
~.068 + 002

ITERATIONS FON2 USED

16.6900

SAMPLE SIZE:

1.000
542 1.000
«137 + 020
+074 029

« 2500

Piaiiridll

MMIEE2

SEED

2,000

8TD

1.000
"00.1.6

FCN4 USED
+ 1680

20 ESTIMATOR?: MME3

1.000

MEAN SQUARE
0053
2.5039
1.0688
85,3886
29.5850

0.0000

CORRELATION COEFFTCIENTS?

TRUE P

MEAN
-.0130
+ 1323
+0390
6198
-5.3159
0.0000

1.000
-+1856 1.000
-+890 02[4
-+ 265 + 975
-.083 -~.,069

1.000
¢361  1.000
-.001 =-.068

TRUE Q¢

2.0

STH

1.000

ITERATIONS FON2 USEDR' FCN4 USED
0.0000

0.0000

0.0000

ERROR
Q043
+ 0230
0610
+ 1450
L0518
+ 0000

1.000

ODIVERGED
0.0000

SEED
00

ERROR
+0032
+0705
+ 0462
4123
0515

0.0000

1.000

UIVERGED
0.0000

¥

¥2

8T NV
0954
5144
1.3645
3.,2432
1.1583
+ 0001

ST DEV
0719
1.5768
1.0331
?.2198
1.1517
0.0000

e . r».;—-;l




AN NSRS AN A R EA ST SRR ARNCAS A AR A A AL CAR AR A LA AR AR O
-
i SAMPLE ST7ES 20 ESTIMATOR S MirF4 SEED # ¢ i
S TRUE F3 1,000 TRIM Q2 2,000
( - ME AN MEAN SQUARE ST ERROR ST ngEw
X -.0099 + 0039 . 0028 s 0617
:~ 0921 2.,0057 + 0632 1.4132
: + 0390 1.0688 + 04462 1.0331
2146198 85.3886 + 4123 92,2198
X ~-5.3062 29.5796 +0534 1.1934
_ 00,0000 0.0000 0.0000 00,0000
,f CORRELATION COEFFICIENTS:
-‘j 10000
2 -.159 1.000
: ~+8648 « 210 1,000
~.+268 + P76 + 361 1,000
» -.089 ~-.087 -,010 ~-.,085% 1.000
o 1. ¢
; TTERATIONS FCN2 USED FCN4 USED DI L GED
i 0.0000 0.0000 0.0000 2000
:; SAMFLE STZE!S 20 ESTIMATOR: MMLE SEED #¢ 1
a TRUE P 1,000 TRUE Q¢ 2,000
¢ ﬁ MEAN  MFAN SQUARE STl ERROR STI DEV
- 0214 + 0442 + 0093 +» 2091
. -.0289 1,3855 + 0326 1.1767
N + 0390 1.0688 + 0462 1.0331
.. «5198 85,3886 4123 ?.2198
~-5.1479 28.5082 + 0634 1,4169
30686,.7514 1753.74764 39214,9883
3 CORRELATION COEFFTICIENTS:
% 1,000
‘.' -, 044 10000
-0257 0231 10000
A "0078 0967 0361 10000
.': 0009 e 109 -+076 ‘0043 3 0000
:" 0052 -+050 -.290 ~+104 -.103 1.000
. ITERATIONS FCN2 USEl' FCN4 USED  DIVERGED
; 4,6420 +2980 0.0000 + 7200
SRR
.
Y
N 99




» . SAMFLE STZE! 20 ESTIMATORY Fil. L. SFED w3
R TRUE F2 1,000 TRUE Q. 2,000
ME AN MEAN SQUARFE STHH ERROR
-.02326 L0225 L0066
+0983 1,6641 + 0575
+ 2115 12,7315 «1593
-5.3488 30,0478 10536
+0298 + 1043 +0144
CORRELATION COEFFICIENTS:
1.000
=-+195 1.000
"076' 0312 10000
—+273 + 635 +684  1.000
=+ 035 013 =035 -.032 1.000
-+ 493 + 542 + 322 + 089 +098  1.000
TTERATIONS FON2 USEDN' FCN4 USED UIVERGEI
35,0140 0.,0000 + 4760 + 1260
SAMFLE STIZE:S 20 ESTIMATOR: MMEL SEED #¢
. TRUE F?$ 1.000 TRUE Q@ 2,000
m MEAN MEAN SQUARE STh ERROR
-.0198 +0091 +0Q042
+ 2941 + 3286 0220
+ 2709 1.3714 20510
1.6545 11,2141 +« 1302
~5.5923 32.7880 + 0850
+0017 + 0000 + 0002
CORRELATION COEFFICIENTS?
1,000
T 073 1. 000
=+9203 +278 1,000
=-+271 . 882 338 1.000
-0078 -0202 0038 _0138 10000
+ 050 + 228 -,.050 + 086 019 1,000
ITERATIONS FCN2 USED FCN4 USEDN DIVERGED
34,9520 + 3720 ¢ 5240 + Q500
‘; 100
-
P"
L'.' ......... . . L. e .« . .
R L I L L e AU Ty L e e

S5TO
+ 1482
+4804
1,32843
3.5618
1.1991

e 3216

=y

r3

STO OEV
0?35
4921
1+1394
2.9115
142308

0032




.
.
L

SAMFLE SIZE:
TRUE F:

20 ESTIMATOR?
1,000

TRUE Q¢

Ta TS (T W IV W WL TV TR EY Vv e wsey _‘vV1
|

MME 2
2,000

SEED

MEAN MEAN SQUARF STDH ERROR
-.0261 + Q074 + 0037
«1735 2675 0218
+ 3748 1.46844 + 0536
1.5168 13,2541 + 1480
~5.6374 33,3066 + 0553
+ 0001 « 0000 0000
CORRELATION ( JEFFICIENTS?
1.000
bt 169 10000
~+9?14 +311 1.000
-.410 . 888 +602  1.000
-+ 060 -.083 008:’ ”0001 10000
-.238 -.140 199 -.130 ~-.013 1.000
ITERATTONS FCN2 USED FON4 USERN DTVERGED
17.2780 + 2760 + 1680 0.0000
SAMFLF SIZE:? 20 ESTIMATOR: MME3 SEEI
TRUE P? 1.000 TRUE Q¢ 2.000
MEAN MEAN SQUARE STDh ERROR
-.,0208 +01354 + 0055
+ 0369 + 1981 +0198
+ 0983 1.6641 + 0575
2115 12,7315 + 1593
-5+3743 30,3758 + 03546
00,0000 0.0000 0.0000
CORRELATION COEFFICIENTS:
1.000
~+253 1.000
-.874 + 446 1,000
=+394 +832 +6584 1,000
-.129 -,118 +043 -.092 1,000
1.000
ITERATIONS FCN2 USEDR! FCN4 USED DNTVERGFD
0.0000 0.0000 0.0000 0.0000

101

#5

L

STO L=y
+ 0830
+ 4873
1.2426
3.3096
1.2356
+ 0001

3

STD DEV

« 1222

4436
1.,2863
3.5618
1.,2216
0.0000




~\ - - h e - S-
N
')
2 SAMFLE SIZE: 20 ESTIMATORS MME4 SEET
e TRUE F2 1,000 TRUE Q3 2,000
{ MEAN  MEAN SQUARE STH ERKROR
- -.0148 0114 v 0047
& « 0065 .1487 L0172
S . 0983 1.6641 0575
- 2115 2.7315 . 1593
X -5.3485 30.1883 20562
0.0000 0.0000 0.0000
. CORRELATION COEFFICIENTS:
o 1,000
- -es241 1. 000
) -.863 445 1,000
‘ -.379 +829 684  1.000
- -.130 -.088 054 -,058 1,000
N 1.000
-
v ITERATTONS FCN2 USED FCN4 USED DIVERGED
< 0.0000 0.0000 0.0000 0.0000
N SAMPLF SIZE: 20 ESTIMATOR: MMLE SFEI
G TRUE P 1.000 TRUE Q¢ 2.000
- (Ei MEAN  MEAN SQUARE STD ERROR
) -.07464 4.4707 + 0945
- ~-.1121 +1907 . 0189
Ny + 0983 1.6641 L0575
< 2115 12.7315 ' 1593
- -5.1000 28,0904 0645
: 28302.8705 1716.7708
- CORRELATION COEFFICIENTS:
" 1.000
- -.010 1.000
-0028 0416 10000
-,001 ' 719 684 1,000
~.118 -.358 ~-.066 -,092 1.000
-.078 ~,003 -,238 -,151 -,052 1.000
, ITERATIONS FCN2 USED FCN4 USEDl  DIVERGEN
= 5.3320 + 3300 0.0000 . 6980
dq
>
.~.\.
TN
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AR

¥

STD TEV
+ 1054

+ 3835
1.2863
3.5618
1.2577
0.0000

¢

STO DEV
2.1130
4221
1.2843
3.5618
1.4424
38388.1612

T avyY

PN
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................................ A A A A A A K - “ ~ . .
.
! . SAMFLE STZF: 20 ESTIMATORS FULLM SEED #: 1
SRS TRUE P? 2,000 TRUE @ 2,000
- —
{ MEAN MEAN SQUARE STh ERROR STO DEV
" . 0558 4299 . 0292 6533
) + 5097 28,7623 .2388 5.3388
iy 1.2532 227.7757 6726 15.0401
-5,5640 32,3935 + 0536 1.1979
o 0045 0010 +0014 0312
< CORRELATION COEFFICIENTS!
\ 1,000
K- -.121 1,000
- -.936 +247 1.000
e 125 0975 0248 1 0000
) 2022 L015 ~=.,020 .024 1.000
-:. -~ 175 0089 . 1.29 0041 - 108 J .000
? ITERATIONS FCN2 USED FCN4 USED DTVERGED
3.8620 0.0000 2780 . 0540
9 SAMFLE STZE: 20 ESTIMATOR: MMEL SEED #¢ 1
- TRUE P? 2,000 TRUE Q¢ 2.000
2 ‘E; MEAN MEAN SRUARE STDO ERROR STH DEV
. ~.2139 .2098 .0181 + 4050
" 12466 «2209 0179 +4001
- 2,0271 14.9516 + 1473 3.2928
N 2.1991 14,9218 1420 3.1758
-5.5681 32.2754 0504 1.1277
. 0010 + 0000 0001 0019
CORRELLATION COEFFICIENTS!
. 1.000
% ¢249 1,000
"‘0910 "0058 10000
:\' 0055 0001 "0.[45 “0098 10000
N ~.119 + 251 . 109 + 185 155 1.000
' ITERATIONS FCN2 USED FCN4 USEDN' DIVERGED
: 40,2420 + 6300 « 5920 0160

103
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SAMPLE STZFE!: 20 ESTIMATOR: MMF2 SEED #¢ i
o TRUE F: 2+000 TRUE Q¢ 2,000
LS
MEAN MEAN SQUARE ST ERROR STD DEY
e 1360 ol276 00.'48 03302
+ 0890 +0782 +0119 $ 2652
1.,4540 11.8254 + 1394 33,1163
1.1962 9.3558 «1259 2.8151
-5.6573 33,2908 + 0507 1.1332
+0002 +0000 « 0000 0007
CORRELATION COEFFICIENTS?
1.000
-0058 1 0000
"091.4 0262 10000
-+270 + 895 +334 1,000
0021 0030 -0045 0024 .l 0000
—0413 0052 0409 0143 "'0020 10000
ITERATIONS FCN2 USED FCN4 USFI GIVERGED
21,0820 2720 + 2040 + 0020
SAMPLE STZE: 20 ESTIMATOR: MME3 SEED #:¢ 1
TRUE P? 2,000 TRUE Q2 2,000
G MEAN MEAN SQUARE ST ERROR STh DEY
~-.0611 1820 +0189 4222
+1106 « 6878 <0368 +8220
+ 5097 28,7423 » 2388 S5.3388
11,2532 227.7757 16726 15.0401
-5.6148 32.8994 + 0524 1,1721
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICIENTS?
1.000
-+.136 1,000
-0949 0250 1 .000
-,135 . .972 +248 1.000
o166 =-.046 -.,171 ~-,027 1.000
1,000
ITERATIONS FCN2 USED FCN4 USED DIVERGE
0.0000 00,0000 0.0000 0.0000
104
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~
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SAMPLF SIZE: 20 ESTIMATORS MME4 SEEN ¥ 1
TRUE F3 2,000 TRUE @: 2,000
) MEAN MEAN SQUARE ST ERROR 5Th BEY
~.0392 +1412 0167 + 3738
+ 0870 + 6840 +0368 +8224
e 3097 28.7623 + 2388 5.3388
1,2532 227 .7757 16726 15.0401
~5.5339 32.0356 +0531 - 1.1881
0.0000 0.0000 0.0000 0.0000
CORRELATTINN COEFFTCIENTS:
1.000
-.134 1,000
- . 949 0237 1,000
-.147 + 983 + 248 10000
111 =009 =-.114 -.002 1.000
1.000
ITERATIONS FCON2 USED' FCN4 USED LDTVERGED
0.0000 0.0000 0.0000 0.0000
SAMPLE SIZE? 20 ESTIMATOR: MMLE SEED #¢ 1
TRUE P: 2,000 TRUE a3 2,000
MEAN MEAN SQUARE STIY ERROR STh DEV
+0112 «1029 .0143 + 3206
-.0193 «4333 + 0295 e 65905
+ 5097 28.7623 + 2388 35,3388
1,2532 227.7757 +6726 15.0401
-5.2134 29.0881 + 0618 1.3813
135048,0749 1408.5730 31496.6499
CORRELATINN COEFFICTENTSS
1.000
e 136 1.000
- P25 +258 1.000
~.126 1957 +248 1,000
069 —-.127 -,055 =-.003 1,000
116 -,146 -,133 -.075 021 1,000
ITERATIONS FCN2 USED FCN4 USFD DIVERGED
8.14460 + 6600 0.0000 + 3640




e SAMFLE STZES 20  ESTIMATORS FULLM  SEED & 2
L TRUE F! 2,000 TRUE Q¢ 2,000
{ MEAN  MEAN SQUARE 8TD ERROR STH DEV
- -+0038 10899 » 0134 V2999
T «3141 43,0766 «2932 6.5558
. + 6922 S56.7612 » 3355 7.5021
o 18.2458  152169.8836 17.4262 389.6626
- -5.4999 31.5087 +0502 1.1223

+0061 + 0069 +0037 +0831

o CORRELATION COEFFICIENTS?
:.:- 1.000

. -+272 1.000

- -+ 735 e 793 1.000

4265 .999 .786 1.000

J'.: 0085 -0026 -0056 ~.024 1 0000
s ~+233 -,003  .043 -.003 .025 1.000

2 ITERATIONS FCN2 USEDn FCN4 USEDIN  DTVERGED

i 3.9240 0.0000 +3220 + 04620

e SAMPLE SIZE! 20 ESTIMATOR: MME1 SEED #: 2

~ TRUE P! 2,000 TRUE Q! 2.000
o 635 MEAN  MFAN SQUARF STD ERROR ST DEV
- -+1900 +1890 «0175 + 3910
o «2410 «2164 .0178 « 3979
iy 1,9542 14,0902 +1433 3.,2049
e 2,2522 15.9038 «1472 3.2911

‘ ~5.5443 31,9206 + 0486 1.08567
- +0010 +0000 +0001 +0016
o~
ol CORRELATION COEFFTCIENTS:
N 1.000
s «222 1,000

-.893 =-,021 1.000
. «034  ,889 ,269 1,000
o 014 ~-,064 =-,077 ~-.108 1.000
- -.102  ,3464 L0099 .,260 ,124 1.000

ITERATIONS FCN2 USED FCN4 USFU DTVERGED
. 40.1460 + 6320 +3800 + 0120

N 106
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y _ SAMPLE SIZF: 20  ESTIMATOR: MME2 SEF
: JRRY TRUE P! 2,000  TRUE (3  2.000

(\, MEAN  MEAN SQUARE ST ERROR
AN -+1149 +1148 $0143
< . 0844 0777 «0119
s 1.4054 11,6395 + 1390
Lt 1.2249 9.8488 .1292

\ -5.6456 33,1488 + 0505

:§§ CORREI.LATION COEFFICIENTS!:

S0 1.000

Y -+107 1,000

-.892 315 1.000

o -.291 886 577 1.000

.- ..:' -0015 0010 0003 0020 10000

T -+ 457 + 025 + 441 +134 -,014 1.000
b ITERATIONS FCN2 USED FCN4 USEDN  DIVERGED
o 21,9180 2880 « 2060 0.,0000
e

e SAMPLE SIZE: 20 ESTIMATOR: MME3  SEED
o+ TRUE P! 2,000 TRUE Q¢ 2,000
- e

s MEAN  MEAN SQUARE STh ERROR
T ~.0435 +1428 +0168
g «4385 68,2349 + 3689
", + 6922 56,7612 + 3355
e 18,2458 15216%.8836 17,4262

' ~5.6116 32,9449 + 0540
oty 0.0000 0.,0000 0.0000
ot CORRELATION COEFFICIENTSS

S 1.000

L -.283 1,000

. "0759 0796 1 0000

S ~e274  ,999  .786 1.000
o 173 ~.045 -,156 -.,039 1.000
o 1.000
.
N ITERATIONS FCN2 USED FCN4 USED  DIVERGED
e 0.0000 0.,0000 0.,0000 0+0000
S

~,
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STD DEY
+ 3187

+» 2656
3.1088
2.8894
1.1294
+ 0005

+

ST DIEV
3754
8.2488
735021
389.6626
1.2072
0.0000

----------

0
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SAMPLE SIZE: 20 ESTIMATORS: MME4S SEED #¢ 2
TRUE F3 2.000 TRUE @3 2+,000
MEAN MEAN SQUARE ST ERROR ST DEV
-.0223 + 1079 0147 »3278
+ 3017 32.5249 e 2547 5.6951
e 6922 56,7612 + 3355 7.5021
18.2458 1521469.8836 17.4262 389.6626
-35.3075 31.8319 +0548 1.22446
0.0000 0.0000 0.0000 0.0000
CORRELATION COEFFICTIENTS?
1.000 | .
"‘0252 1 + 000
~+735 801 1.000
-.238 + 999 +786 1.000
+090 o117 . 008 +122  1.000
1.000
ITERATIONS FCN2 USED FCN4 USED DIVERGED
0.0000 00,0000 0.0000 00,0000
SAMPLE SIZE: 20 ESTIMATORS MMLE SEED #¢ 2
TRUE P! 2,000 TRUE Q¢ 2,000
MEAN MEAN SQUARE STh ERROR STh LDEV
+ 0252 +0941 0137 + 3058
+1978 33.4164 « 2584 5.7773
K922 S56.7612 + 3355 7.5021
18.2458 152169.8836 17,4262 389.6626
~-3.1391 28.6337 + 0647 1.4912
16148.3959 1476.9256 33025.0601
CORRELATION COEFFICIENTS:
1.000
-.238 1,000
-.6864 «799 1.000
- 225 999 + 786 1 0000 ’
+143 ~,026 =,071 -~-,007 1.000
. 087 "0035 -+109 "0024 + 036 1.000
ITERATIONS FCN2 USFI!' FCN4 USED DIVERGFI
7.7260 + 62490 0.0000 + 4060
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APPENDIX B
FORTRAN SOURCE CODE
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FPROGRAM RETA
PARAMETER (MAXS=20)
{ FARAMETER (NMAX=3500)
: COMMON /FARMS/N,I,NREFS,FTRUE,QTRUE

N REAL M1,M2,A3,A4,SDEV

COMMON /MMNTS/M1,M2,A3,A4,SDEV

REAL BOT,TOF,SFAN

COMMON /LMTS/ROT,TOP,SPAN

REAL ARRAY (NMAX,6)

REAL STATS(8)

REAL WK (&)

REAL SAMPLE (MAXS)

COMMON /DATUM/SAMPLE

INTEGER NBR(S)

DOUEBLE FRECISION SEED(2),DSEED

DATA SEEDN/4813176891101.00,

+ 2282627543772351.00/
100 REAL(S,110,ENI=7000,ERR=8000)NREFS,N,FTRUE,QTRUE .

+ IEST,NSEED

WRITE(&6,105)
A 105 FORMAT(1X)
> WRITE(46,110)NREPS,N,PTRUE,QTRUE, IEST, NSEED
., 110 FORMAT(2I4,2F5.2,213)

(]
&

d oV as

()
PR ST LSRN

s,

Yy Sty ds Je o

0 c CHECK FOR INPUT ERROR
IF (NREFS.LT.1 +0OR. N.LT.1 .OR.
+ IEST.GT.6 .OR. IEST.LT.1 .OK.
+ PTRUE.LE.O0.0 .0R. QTRUE.LE.0.0
+ +OR. NREPS.GT.NMAX
+ .OR. N.GT.MAXS)GO TO 8000
CALL HELPER(O,LUM,DUM,DUM, DIUM)
CALL MOMNTS(M1,M2,A3,A4,
+ 0.0,1.0,PTRUE,QTRUE)
. WRITE(7,210)NyNREPS,IEST,NSEED
o 210 FORMAT(’1’//’ SAMPLE SIZE!’,I5,
3 + ! REPETITIONS:,15/
+ ‘ ESTIMATE #:/,15,
g + ’ SEED #2/,1I5)
CALL COUNT(O,1)
DSEED = SEED(NSEED)

Al

ot

Do 200 I = 1,NREPS

c GENERATE A SORTELD SAMPLE
CALL GGRTR(DISEED,PTRUE,QTRUE,N,SAMPLE)
CALL VSRTA(SAMPLE,N)

X

]

CALCULATE MOMENTS
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c SET UF FOR CALL TO BESTAT
NER(1) = 1
NER(2) = N
NBR(3) = N
NER(4) = 1
NER(S) = 0
WT=-1.0
CALL RESTAT(SAMPLE ,N,WT,NER,DIUM,

+ STATS,8,WKy IER)
IF (IER.NE.O) GO TO 8000
Ml STATS(1L)
M2 STATS(2)
A3 STATS(4)
A4 3.0 + STATS(S)
SDEV = SQRT(M2)
BOT = SAMPLE(1)
TOP = SAMPLE(N)
SFPAN = TOF - ROT
CALL MOQDEST(1,ARRAY,NMAX)
IF (IEST.NE.1)
+ CALL MODREST(IEST,ARRAY ;NMAX)
200 CONTINUE

c QUTPUT RESULTS
RNR = FLOAT(NREPS)
CALL FINIS(IEST,ARRAY,NMAX)
» GO BACK AND L0 THAT AGAIN.
GO TO 100
c INPUT RAN QUT --- STOP NOW
7000 CONTINUE
650 TO 9000
c ERROR. ERROR.
8000 CONTINUE
WRITE(6+8010)IER

8010 FORMAT(’ -BETA- IER=‘,I13)
2000 CONTINUE
END
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00
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SUBRROQOUTINE ARFR(IEST.AWH.F.Q)
INTEGER IEST

REAL. A+B,F,Q

COMMON /FARMS/NyI,NREPS,FTRUE,QTRUE
REAL ROT,TOP,SPAN

COMMON /LMTS/BOT,TOF,SFPAN

GO TO (100,200,300,200,300),IEST

CONTINUE

WRITE(6,77)IEST

FORMAT(’ -ABPQ- IEST =/,17)
RETURN

IEST=2,4 GIVES AsB CALCULATED FROM FP,Q
USING E(X1:AyE,FP,Q) 1/(N+1) AND
E(XNIA,EByFP,Q) N/(N+1) .
CONTINUE
RN = FLOAT(ND
CALL MYBETI(RN/(RN+1.0),FsQ:YN,IFER)
CALL MYRETTI(1.0/(RN+1.0),F,@,Y1,IER)
RNGE = SPAN/(YN-Y1)
A = BOT -~ RNGEXY1l
B = A + RNGE
RETURN
IEST=3,3 GIVES AyBR FROM P,yQ USING
E(X1:AyB,FP,Q) = X(1)
AND
E(XNIALB,P,Q) = X(N)
CONTINUE
XN=XNMEAN(N,F,Q)
X1=1.0~-XNMEAN(N,Q,P)
ESPAN = XN - X1
A=BOT-X1XSPAN/ESFAN
B=TOP+(1.0-XN)XSPAN/ESPAN
RETURN
END




- S SURROUTTINE A3A4(FL.F2,F,Q)
Y REAL FL,F2,F,Q,0UMLTIUNR, A3F ,A4F

REAL M1,M2,A%,A4,50EV
COMMON /MMNTS/M1,M2yA3,A4,STEY
CALL MOMNTS(DUM1,DUM2,A3P,A4F,

+ 0.151.0,F,Q)

F1 = A3-A3F

F2 = A4-A4F

RETURN

END

SURROUTINE RETTER

REAL A,E,P,Q,FNOW

COMMON /ESTS/A+B,F»Q,FNOW
COMMON /BEST/ALl,E1,FP1,Q1,FNI1,INTRVUL
INTRVL = INTRUL + 1

IF (FNOW.GE.FN1) RETURN

. Al = A
‘E; B1 = R

PL = F

ai = @&

FN1 = FNOW

INTRUL = O

RETURN

END
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e SURROUTINE CHECKR{JyAVRF Q0 F, IFR)
' ' REAL AyR,F.Q
_ IF (IERWNE.O +OR, F.GT.1.F=-2)
2R + CALL COUNT(Jy4)
- RETURN
o~ END
4 \":
> SUBROUTINE COUNT(II,J)
Y FARAMETER (NUMEST=6)
3; FARAMETER (NUMCNT=4)
. REAL CNTR(NUMEST,MUMCNT)
> SAVE CNTR
- COMMON /FARMS/N,I,NREPS,FTRUE,QTRUE
- IF (I1.GT.NUMEST .OR. J.GT.NUMCNT)GO TO 9000
- IF (II1.G6T.0) 6O TO 100
. 00 SO K=1,NUMEST
SO DO 50 L=1,NUMCNT
/ 50 CNTR(K,yL) = 0,0
\J ﬁ RETURN _
- 100 IF (J.GT.0)GO TO 200
" RN = FLOAT(NREFPS)
w WRITE(7,150) (CNTRCITI,L)/RN,L=1,NUMCNT)
150 FORMAT(’ ITERATIONS FCN2 USEDl FCN4 USED  DIVERGED
+ /10F11.4)
- RETURN
X 200 CNTR(II,J) = CNTRC(II,J) + 1.0
RETURN
& 9000 WRITE(6,9010)1I1,J
= 9010 FORMAT(’ -COUNT- II =‘,17,’ J=’,17)
. RETURN
- ENIs
4
L.
<
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Féﬂ
S s SHEROUTINE CUMOST(DISTNSG)
e REAL AL,R1,F1,01,FN1
COMMON /BEST/AL,BL1,FI1,Q1 FNLyINTRUL
e 5=0,0
- ESFAN = E1 - Al
£ U0 1000 J=1,12
e CALL HELFER(J,UyVyX1,X2)
- CALL MYRETA((X1-Al)/ESPAN,F1,Q1,F1,IER)
R CALL MYBETAC(X2-A1)/ESFAN,F1,Q1,F2,IER)
AR F1 = (F1-WX(F1-)
L2 F2 = (F2-UV)X(F2-V)
N S = S5 + WT24(J)X(F1 + F2)
N 1000 CONTINUE
- DISTNS = TLOG(S/2.0)
i RETURN
AR ENI
.-":-C:
. :
e
s

SUBROUTINE EXNEX1(F1,F2,AsE,F,Q,N)
REAL F1yF2sAsR:FP,Q,X1,XN

_~
13'

= REAL ROT,TOF,SPAN
N COMMON /LMTS/EOT,TOP,SPAN
o XN = XNMEAN(N,F,Q)

" X1 = 1,0 - XNMEAN(N,Q,F)

o ESPAN = XN - X1

: F1 = (BOT-A)/SPAN - X1/ESPAN
e F2 = (TOF-A)/SPAN - XN/ESPAN
S RETURN
o ENI!

L

Mo

’. -




R FUNCTION EXFT(X)
o Y = MAX(X,-20,0)
Y = MIN(Y.20.0)
EXFT = EXF(Y)
RETURN
END

SUBROUTINE FCN2(X,F,INUM,IEST)
REAL X(2),F(2)
REAL ALOW,AHTGH, RLOWVBHIGH, FLOW,PHIGH

COMMON /BNDS/ALOW,AHIGH,BLOW, BHIGH,PL.OWyFHIGH

REAL A,EB,P,Q,FNOW
COMMON /ESTS/A,E,P,Q,FNOW
COMMON /FARMS/N, I ,NREFS,FPTRUE, @TRUE
CALL COUNTC(IEST,1)
60 TO (100,200,200,100,100,300),IEST
100  WRITE(6,77)IEST
77  FDRMAT(’ —-FCN2- ERROR: IEST=',17)
RETURN
200  CONTINUE
P = RESHPE(X(1),PLOW,PHIGH)
@ = RESHPE(X(2),PLOW,PHIGH)
CALL ABPQCIEST,A,E,P,Q)
CALL MIM2(F1,F2,A,B,F,Q)
GO TO 9000
300 A = RESHPE(X(1),ALOW,AHIGH)
E = RESHPE(X(2),BLOW,HHIGH)
CALL MLAB(F1,F2yA,E,P,QyN)
9000 CALL PENLTY(F1,X(1))
CALL PENLTY(F2,X(2))
F(1) = Fi
F(2) = F2
FNOW = F1%F1 + F2%F2
CALL BETTER
RETURN
END

)
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77
100

300

400

9000

SURR
REAL,
REAL.
COoMM
REAL
COMM
REAL
COMM
REAL
COMM
COMM
CALL
A
B
P
Q
GO T
WRIT
FORM
RETU
CONT
CALL
CALL
GO T
CALL
CALL
GO 7T
caLL
CALL
GO T
cALL
cALL
GO T
CALL
CALL
CALL
CALL
CALL
CALL
F(1)
F(2)
F(3)
Fc4)
FNOW
CALL
RETU
END

ihowHu

OQUTINE FUNA(X,F,TNUM,TEST)
X(4),F(4)

ALOW y AHIGH y BL.OW, RHIGH ¢ FILOW , FHT GH
ON /BENDS/ALOW,AHIGH,RLOW, BHIGH,FLOW,FHIGH

M1,M2,A3,A4,S0EV

ON /MMNTS/M1,M2,A3,A4,SDOEV
ROT,TOP,SPAN

ON /LMTS/BOT,TOP,SPAN
AyByP,Q,FNOW

ON /ESTS/AsB,F,Q,FNOW

ON /FARMS/N,I,NREFS,FPTRUE,QTRUE

COUNT(C(IEST,1)
RESHPE(X(1) ,ALOW,AHIGH)
RESHFE(X(2),BLOW,BHIGH)
RESHPE(X(3) yFPLOW,FHTGH)
RESHFE(X(4),PLOW,PHIGH)

0 (100,200,300,400,5%00),IEST

E(6,77)IEST

AT(’ -FCN4- ERROR: IEST=’,17)

RN

INUE
MIM2(F1,F2yAyE,FP,Q)
A3A4(F3,F4,F,Q)

Qg 9000
IXNIX1(F3,FA4sAyByFP,Q,N)
MIM2(F1,F2,AyB,P,Q)

g 2000
EXNEX1<(F3,F4,A,EB,F,Q,N)
MIM2(F1,F2,A,B,F,Q)

0 9000
A3A4(F3,F4,F,Q)
IXNIX1(F1,F2,AsE,FP,Q,N)

0 2000
A3A4(F3I,F4,P,Q)
EXNEX1¢(F1,F2,AsR,PyQsN)
PENLTY(F1,X¢1))
PENLTY(F2,X(2))
PENLTY(F3,X¢(3))
PENLTY(FA4,X(4))
= F1

= F2

= F3

= F4

= FLIKF14+F2XF2+F3IXF3+FAXF4
BETTER

RN
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- e SURROUTINE FINISC(IEST,ARKAY,NMAX)
{ COMMON /FPARMS/N,1,NREFS,PTRUE,QTRUE
- REAL ARRAY (NMAX.6)

-, REAL MEANS(64)

. REAL STAT(3,4)

- REAL COR(21)

e INTEGER INCD(21)

CALL BEMMI(ARRAY,NREFS,&,NMAX,MEANS,
o + STAT,COR, INCD, IER)
s WRITE(7,210)PTRUE,QTRUE

210  FORMAT(//SX,’TRUE Pt’,F8.3,

{3 +  3X,’TRUE Q:’,F8.3)

e WRITE(7,215)

SRN = SART(FLOAT(NREPS))
DO 200 J=1,6

R = STAT(1,J)

XM = MEANS(J)

XMSE = RXR+XMAXM

STHERR = R/SRN

- WRITE(7,216)XM,XNSE,STDERR, R
- 200  CONTINUE
" WRITE(7,220) (COR(J) »J=1,21)
w 215 FORMAT(//10X,MEAN’,3X, MEAN SRUARE’,

, + SX,/STD ERROR’,

R + 7%y /STD DEV’)

a O 216  FORMAT(4F14.4)

s 220  FORMAT(/‘ CORRELATION COEFFICIENTS:’
2 + /F7.3/2F7.3/3F7.3/4F7.3
; + /5F7.3/6F7.3)

- CALL COUNT(IEST,0)
RETURN
END

SURROUTINE FULLM(ARRAY,NMAX)

: COMMON /PARMS/N,1,NREFS,PTRUE,QTRUE
£ : REAL M1,M2,A3,A4,SDEV

- COMMON /MMNTS/M1,M2,A3,A4,SDEV

o REAL Al,E1,P1,Q1,FN1

L~ COMMON /BEST/A1,EB1,P1,Q1,FN1,INTRVUL

a REAL ARRAY(NMAX,6)

b= BONE = A3%A3

= o~ R = 6, 0k(A4-RONE~1,0)/¢6,0+3.0XKRONE~2,0%A4)
e IF (R.LT.0) RETURN

»

- TEMP=A4X(R+2.0)X(R+3.,0)-3. 0% (R+1.0)X(R=6.0)

w 118




IFCTEMP.EQ.O.0) RETURN
TEMP=1-24,0%(R+1.0)/TEMF

IF (TEMF.LT.0.0) RETURN
TEMP=RXSQRT( TEMF)

IF (A3.LT.0.0) TEMF = ~TEMP
P1 = (R - TEMP)/2.0

Q1 = P1 + TEMP
RNGE=RXSDEVXSQRT((R+1.0)/{F1%BG1))
Al = M1 -~ RNGEXP1/R

Rl = Al + RNGE

FNIL = 0.0

RETURN

END

SUBROUTINE HELFER(JyUsV,yXyY)

REAL FTRUE,QTRUE

COMMON /FPARMS/N,IyNREFS,PTRUE,QTRUE

REAL UyVsX,Y

REAL US(12),US(12),XS(12),Y8(12)

SAVE US,VS8,XS,YS

IF (J.GT+0 AND. J.LT.13)G0 TO 200

[0 100 K=1,12

US(K) = (1.04PT24(K))/2.0

VUB(K) = (1.,0-PT24(K))/2.0

CALL MYBETI(US(K),PTRUE,QTRUE,XS(K),IER)
100 CALL MYBRETI(VS(K),FTRUE,QTRUE,YS(K),IER)

RETURN

200 U= uswh
Vo= VUG
X = X8(J)
Y = YS())
RETURN
END
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SR SUBROUTINE IXNIXL(FIF2,A3B.FyQyN)
e REAL. F1,F2,AyB,FyQ,RN

INTEGER N

REAL EBOT,TOF,SFAN

COMMON /LMTS/ROT,TOF,SFAN

RN = FLOAT(N)

A = MINC(A,ROT)
B = MAX(E,TOP)
BA = R - A

CAaLL MYRETAC(TOP-A)/BA,P,Q,F1,IER)
CALL MYBETAC((ROT-A)/BA,F,Q,F2,IER)
F1 = F1 -~ RN/(RN+1.0)

F2 = F2 - 1.0/(RN+1.0)

RETURN

END

SUBROUTINE LIMITS(IEST)
ﬁ REAL Al,R1,F1,31,FN1
- COMMON /EREST/Al1,B1,F1,Q1,FN1,INTRVL
COMMON /FPARMS/N,I,NREFS,PTRUE,QTRUE
REAL EROT,TOP,SPAN
COMMON /LMTS/BOT,TOP,SFAN
REAL ALOW,AHIGH,ELOW,RHIGH,FPLOW,FHIGH
COMMON /BNDS/ALOW,AHIGH, RLOW, BHIGH,FLOW,FPHIGH
FLOW = 0.1
PHIGH = 10.0
GO TO (100,100,100,200,200,200),IEST
WRITE(6,77)IEST
77 FORMAT(’ ~LIMITS- ERROR! IEST=‘,17)
RETURN
100 ALOW = ROT-9.0%SPAN
AHIGH = BOT

ELOW = TOP
RHIGH = TOP+9.0%XSPAN
RETURN

200 CONTINUE
IF (P1.LT.0.0 .0OR. R1.LT+0.0) THEN

P1 = 1.0
Q1 = 1.0
GO TO 100
ENDIF
ALOW = BOT - (F1-1.0)%XSFAN

EHIGH = TOP 4+ (Q1-1.0)XSFAN
. RN = FLOAT(N)

.........................................................
.................................



[200¢ (IO

27,
o
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LENOM (RN=-1.0)k{F1+Q1)-RKN+2.0
AHTGH = ROT -~ (F1l-1.0)XSFAN/TENOM
BLOW = TOF + (Q1-1.0)%SFAN/DENOM
RETURN

END
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SURROUTINE LOOFER(IEST,
+ LIMIT,WASTE, TOL)

INTEGER TEST,LIMIT,WASTE

REAL TOL

REAL AyRB,F,Q,FNOW

COMMON /ESTS/AyR.FPsQ,FNOUW

REAL X(2),F(2)

REAL ALOW,AHIGH,RLOW,RBHIGH,FLOW,FHIGH
COMMON /ENDS/ALOW,AHIGH,BRLOW,RHTGH,FLOW,FHIGH
COMMON /REST/AL,B1,FP1,01,FN1,INTRVL
INTRVL = O

00 100 K = 1,LINMIT

X{1) SHAFE(P,FPLOW,PHIGH)

X(2) = SHAPE(Q,FPLOW,PHIGH)

CALL FON2(X,F,OUM,IEST)

IF (FNOW.LT.TOL) RETURN

IF (INTRVL.GE.WASTE) RETURN

IF (K.LT.LINMIT)
+ CALL PGAR(IEST,FP,Q3yAsR)

100 CONTINUE
RETURN
END
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SN SUBROUTINE MLAR(F1,F2,AKyF,Q,N)
{ REAL F1,F2,A,E,F,0,RN
INTEGER N
- PARAMETER (MAXS=20)
3 REAL SAMFLE (MAXS)
COMMON /DATUM/SANPLE
RN = FLOAT(N) :
DENOM = TLOGC(RNX(P+Q-1.0))
PD = TLOG(ARS(1,0-F))
- AD = TLOG(ARS(1.0-Q))
- F1 = EXPT(DENOM-PL)
- F2 = EXPT(DENOM-QD)
s IF (P.GE.1.0) F1 = -F1
\ IF (R.GE.1.0) F2 = -F2
Q IF ((P+Q) .LT. 1.0) THEN
X F1 = -F1
R F2 = ~F2
N ENDTF
BEA = B-A
. 0 100 K = 1,N
- X = SAMPLE(K)
. F1 = F1 # BA/(X-A)
100  F2 = F2 + BA/(B-X)
3 RETURN
M ENI

L
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SUBROUTINE MODEST(IEST,ARRAYy»NMAX)
COMMON /PARMS/N,I,NREPS,yPTRUE,QTRUE
REAL ARRAY (NMAX,6)
REAL A,E,P,Q,FNOW
COMMON /ESTS/A,R,P,Q,FNOUW
COMMON /BEST/A1,R1,P1,R1,FN1,INTRVL
REAL ROT,TOP,SPAN
COMMON /LMTS/ROT,TOF,SPAN
REAL ALOW,AHTGH,BLOW,EHIGH,PLOW,PHTGH
COMMON /BNDS/ALOW,AHIGH,ELOW,BHIGH,FLOW,PHIGH
REAL PME,QME
SAVE PME,QME
EXTERNAL FCN2
EXTERNAL FCN4
REAL X(4)

— REAL WORK(S4)

ol PARAMETER (NTRY=%9)

’ REAL TRIAL(NTRY,2)

4 QAN
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SR AN

‘‘‘‘‘‘‘‘‘‘‘‘‘

77

100

300

N R I

..........

UATA ((TRIAL(K,L) yL=1,2),K=1,NTRY)
/00Gy0.5,
0+5,1.0,
0+5,2.0,
1.040.5,
1.051.0,
1,042,0,
2,0,0.5,
2,0y1.0,
2,0,2,0/
FN1 = 1,E5
IER = 0
60 TO (100,200,200,300,300,400),IEST
WRITE(&,77) IEST
FORMAT (/ -MODEST- ERRORS TEST=/,17)
GO TO 9000
Al = TOF
Rl = EOT
CALL FULLM(ARRAY ,NMAX)
TF (AL,LE.EOT .AND. B1.GE.TOF) GO TO 9000
FN1 = 1,E5
60 TO 8000
CONTINUE
P = PME
Q@ = QME
CALL FULLM(ARRAY,NMAX)
CALL LIMITSCIEST)
CALL LOOPER(IEST,10,2,1.,E-4)
IF (FN1.LT.2,E-2) GO TO 230
DO 220 K = 1,NTRY
P = TRIAL(K,1)
Q@ = TRIAL(K,2)
X(1) = SHAPE(P,PLOW,PHIGH)
X(2) = SHAPE(Q,PLOW,PHIGH)
CALL FCN2(X,WORK,NUM, IEST)
TF (FN1.,LT.2.E-2) GO TO 230

CONTINUE
P = Pl
a = Q1

CALL LOOPER(IEST,20,2,1.E-4)
IF (FN1.LT.1.E-4) GO TD 9000
CALL COUNT(IEST,2)

X(1) = SHAPE(P1l,PLOW,PHIGH)
X(2) = SHAPE(Q1l,PLOW,PHIGH)
NSIG = 2 '

CALL 7ZSPOW(FCN2,NSIG,2,20,IEST,X,0UM,WORK, IER)
IF (FN1.LT.1.E~4) GO TO 2000

60 TO 8000
P1 = FPMF
Qi = QME

IF (P1.6T.0.0 AND, Q1.6T.0.0) THEN
CALL ABPR(IEST,Al1,RB1,F1,Q1)

. P
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PN FN1 = 0.0

SO, GO TO 9000
{ = ENDIF

> Al = ROT - 0,001
[ El = TOF + 0.001
> GO TO 8000

N 400 P1 = PME

N A1 = QME

CALL ABFQ(S,A1,R1,P1,Q1)
CALL LIMITS(IEST)
X(1) SHAPE (A1,ALOW,AHIGH)
X¢2) SHAPE (EB1,RLOW, RHIGH)
P = P1
Q = a1
IF (F1.LE.1.0 .OR. Q1.LE.1.0) THEN
;. CALL FCN2(X,WORK,OUM, IEST)
N GO TO 9000
a ENDIF
.. CALL COUNT(IEST,2)
i NSIG = 3
CALL ZSFOU(FCN2,NSIG,2,20,IFST,X, UM, WORK,IER)
- GO TO 9000
~ 8000 CALL LIMITS(IEST)
" CALL COUNT(IEST,3)

1 .
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A X¢1) = SHAPE(A1,ALOW,AHTGH)
- X(2) = SHAPE(RB1,RLOW,EHIGH)
¢ ﬁ X(3) = SHAFE(F1,PLOW,PHIGH)
-;: ) X(4) = SHhPE(Ql PLOW,PHIGH)
N NSIG =
“~ CALL ZSPOU(FCN4 NSIG,4,20,IEST, X, UM, WORK, ILR)

9000 CALL CHECKR(IEST,A1,R1,P1,Q1,FN1,IER)

ER = B1-1.0

y EP = P1-PTRUE

: EG = Q1-QTRUE
ARRAY(I,1) = Al

- ARRAY(I,2) = EH

" ARRAY(I,3) = EP
ARRAY(I,4) = EQ

CALL CUMIIST(ARRAY(I,5))

. ARRAY(I,8) = FN1
N IF (IEST.EQ.1) THEN
' PME = P1

- @ME = Q1

> ENDIF

5 RETURN

N END

Y

N

\-

\l

“

; -

o~ ..--':. .

AR

v

o




LA SURROUTINE MOMNTS(MI1,M2,A3,A4,
b T + AryRyFHQ)
{ REAL M1,M2
oo FQ = F x @
- FFQG = P + @
o FA1 = PPQ + 1.0
o PA2 = PQA1 + 1.0
= PA3 = PR2 + 1.0
FQ6 = PPQR - 6.0
) TEMP = (B-A)/PFQ
T ML = A + TEMP X P
- TEMP = TEMPXTEMP
- M2 = PQXTEMP/PQ1
.~ TEMP = SQRT( PQR1/FQ )
A3 = 2.0%(Q-P)XTEMF/PQ2
e A4 = 3,0XFA1X(2.0XPPRXPFR+
. + PAXFQRS6) / (PAXFA2XFPAZ)
i RETURN
“a ENID
H s
X
ﬁl SUBRROUTINE MULLER(AsFAyE,FRyC,FC,J)
.P‘_' J =0
s AR = A - B
- CkR=C~-BRB
— AC = A -C
o A = FA - FR
oy nC = FC - FE
29 DIV = ARXCRXAC
> AN = (CEXDA-ARKDC)/DIV
- CN = (ARXARXNC-CHXCEXDA)/DIV
IF (ABS(AN) .6T. 1.E-5) GO TO 500
c USE THE SECANT METHOI
100  CONTINUE
IF( (FCXFR) .GE. 0.0) GO TO 200
3 [ = (BXFC-CXFR)/(FC-FH)
. GO TO 5000
o 200 CONTINUE
o IF( (FAXFR) .GE. 0.0) RETURN
N I = (AXFE-BXFA)/(FE-FA)
o GO TO 5000
N c USE MULLER’S METHOIi,
i 500 DTS = CNXCN-4.0KANXFE
. = IF (DIS.LT.0.0) 60O TO 100
.:_ ."::'- 8=1,0
>
: 125
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5000

5100

5600

77

...............

IF (OCN WLTe 0.0) 8 = ~8

D= B + (SXSART(LIS)-CNY/ (AN+AN)
CONTINUE

IF (D.LE.A JOR. D.GE.C) RETURN

IF (R.EG.I) RETURN

IF ( (FAXFE) .GE. 0.0) GO TO 5500
IF (D.GT.RB) GO TO 5100 :
C=R
FC =

-n
s

cCORLw
m

4 -t u i
c

LI
z

RETURN

IF ((FBXFC) .GE. 0.0) RETURN
IF (II.GT.R) GO TO %5600
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SURROUTINE MYRETA(X,FP,Q,FPROR,IER)
REAL X,F,Qy,FPROK
IF (X.LE.0.0) THEN
FROE = 0.0
RETURN
ENLIF
IF (X.GE.1.0) THEN
FROB = 1.0
RETURN
ENDIF
CALL MDRETA(X,F,Q,PROE, TER)
IF (TERWNE.O) UWRITE(S6y77)X,FP,Q,FPROR,IER
FORMAT(’ -MYBETA-’,4E12.4,1%)
RETURN
ENI!




400

500

1000

SURROUTINE MYRETI(PROBF Q. Ry TFR)

REAL FROR.F,Q

IER = 0

E = PROER

IF (B.EQ.,0.0 .0OR:s B.EQ.1.0)RETURN
A = 0.0

FA = —-PROF

cC=1.0

FC = 1.0-FROR

B = 0,5

J =2

HALVED = 1,78

ng 1000 K = 1,190

Do 1000 L = 1,5

IF {((C~-A) LT. 1.E-4) RETURN

IF (JJEQ.1) X = A
IF ¢(J.EQ.2) X = R
IF (J.EQG.3) X = C
CALL MYBETAC(X,FyQyFXyIER)
FX = FX - PROR

IF (J.EQ.1) FA = FX
IF (J.EQ.2) FB = FX
IF (J.eEQ.3) FC = FX

IF ((FC-FA) .LT. 2.E-8) RETURN
HALVELDY = HALVEN/1.795

IF ¢ ((C-A).LT.HALVEID)
+ GO TG 500

IF CONVERGENCE IS SLOW, THEN
USE RISECTION.

IF ((FAXFR) .GT. 0.0) GO TO 400

C=R

FC = FE

E = (A+E) /2.0

J =2

GO TO 1000

TF ((FEXFC) .GT. 0.0) RETURN
A= R

FA = FE

B = (B+C)/2.0

J =2

GO TO 1000

USE MULLER’S METHOD.
CONTINUE

CALL MULLERC(A,FA,E,FRyCyFCy.J)
IF 7J.ER.0) RETURN

CONTINUE

RETURN

END
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SURROQUTINE MIMP2(FLF2:A8F Q)
REAL F1.F2,A,B,F.Q

REAL MI1PM2F UMY DUM2

REAL M1,M2,A3.,0A4,80EY

COMMON /MMNTS/M1,M2,A43,A04,80EV
CALL MOMNTS(MLP,M2F,DUML, M2,
+ AsEyF,Q)

F1 = (M1FP-M1)/SDEV

F2 = (M2P-M2)/SLEV

RETURN

END

SURKOUTINE PENLTY (F,X)
REAL FyX,Z
Z = MAX(0.0, ARS(X)-10,0)
Z = Z%Z
IF (F.GE.0.,0) THEN
F=F + 2
ELSE
F=F -2
ENDIF
RETURN
ENI

SUBROUTINE PQRABCIEST,P,Q:A4R)
REAL M1,M2,A3,A4,SDEV

COMMON /7MMNTS/M1,M2,A3,A4,S5TIEV
Pl = (R-M1)X(M1-A)/M2 - 1.0

F = FP1 X (MI1-A)/(B-A)

Q@ =Pl X (B-M1)/(R-A)

IF (PJLEJO.O) P = 1.0
IF (Q.LE.0.,0) @ = 1.0
RFTURN
END
128




''''''''''''

v+ F A+ ++

FUNCTION FPT24(K)

REAL X{(12)

INTEGER K

DATA X/.9951872200,
e 97472835560,
+ 9382745520,
+8864155270,
+82000198640,
+ 74012419146,
+ 5480936519,
+ 35454214714,
+4337935076,
+ 3150426797,
+1911188475,
+ 0640568929/

PFT24 = X(K)

RETURN

ENI

FUNCTION RESHPE(T,LOW,HIGH)
REAL T,LOW,HIGH

X = SINCT)

RESHPE = XXXX(HIGH=-LOW) + LOW
RETURN

END




T FUNCTTON SHAFE (X, LOW,HTGH)
SO REAL X.L0OW,HIGH
o ' TOL = 0.01K(HTGH-LOW)

X = MAX(X,LOW)
X = MIN(X,HIGH)

RETURN
END

FUNCTION TLOG(X)

SAVE ITEST,YMIN,YMAX

DATA ITEST/0/

IF (ITEST.GT.0) GO TO 100

- ITEST = 1
- YMIN = EXP(~20,0)
N YMAX = 1.,0/YMIN
e 1v0  CONTINUE
ﬁ Y = MAX(X,YMIN)
Y = MINCY,YMAX)
TLOG = LOGCY)

.- RETURN
A END

- FUNCTION WT24(K)
- REAL R(12)
o INTEGER K
g IATA R/.0123412298,
+ 0285313886,
0442774388,
0592985849,
+ 0733464814,
+ 0861901615,
0976186521,
+1074442701,
+ 1155056681,

+ ++ 4+t

130

IF (X.GT.(HIGH+TOL) OR« X L T.(LOW-TOL)) X

SHAPE = ASIN( SQRT((X-LOW)/(HIGH-LOW)))

(HTIGH+L.0
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1000

+ 1216704729,

+

+ » L258374563,
+ 1279381953/
WT24 = R{(K)

RETURN

END

FUNCTION XNMEAN(N,F,Q)

REAL P,Q,S,RNyU,V,F1,F2

SAVE NOLD,FOLD,Q0LD,FOLD

ODATA NOLD/O/,FPOLTI/0.0/,30L0/0.0/,FOLDI/0.0/

IF (N.EQ.NOLD ,AND, F.EQ.FOLD ,AND. Q.EQ.Q0LD) THEN
XNMEAN = FOLD
RETURN

ENDIF

§=0.0

RN = FLOAT(N)

DO 1000 J=1,12

CALL HELPER(J,U,V,0IIUM, [IUM)

CALL MYBETA(U,P,QyF1,TER)

CAlLL MYBETA(V,F,Q,F2,IER)

Fi1 EXPT( RNXTLOG(F1) )

F2 EXPT( RNXTLOG(F2) )

S = 8 4+ WT24(X(F1 + F2)

CONTINUE

XNMEAN = 1,0 - §/2,0

NOLR = N
= P
= @

FOLD = XNMEAN
N
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